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Abstract. We compute in detail how deviations from Einstein gravity at the inflation energy
scale could appear as non-Gaussian features in the sky. To illustrate this we use multi-field
α´attractor models in the framework of supergravity to realise inflation. We find no obvious
obstacle for having choices of model’s parameters that generate non-Gaussian features of
the equilateral and local type at the O(1) level in the fNL non-Gaussianity parameter, thus
being potentially detectable in future cosmological surveys. This non-Gaussianity has its
origin in either the non-canonical kinetic term (which, in turn, is an immediate consequence
of assuming an hyperbolic geometry of the moduli space), the interactions of the fields in the
potential or the α´parameter, or a combination of these three. This opens up the exciting
possibility of constraining the law of gravity at energy scales close to the Planck one.
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1 Introduction
It was shown in Ref. [1] that modifications of Einstein gravity at the energy scale of infla-
tion could seed observable non-Gaussian (NG) features in the density field of matter. The
argument is simple: any modification to gravity can be seen as an extra field that interacts
with the inflaton. If the interaction is non-negligible, then non-Gaussian features may be
generated during the slow-roll phase. While in most inflationary models Einstein gravity is
assumed to be the correct description of gravity, it is reasonable to consider that the assump-
tion may break down at very high energies: for example there could be a true modification
of General Relativity (GR) or quantum effects may become relevant. Indeed, in the leading
theory to unify the four forces of nature, string theory [2], the law of gravity is modified
at high energies. It is well known [3–5] that in the simplest, standard inflationary models,
without significant modifications of GR, the primordial non-Gaussianity produced is small
and only measurable with long-term future surveys [6–8], and potentially with CMB spectral
distortions [9–12]. Departures from Einstein gravity during inflation have been considered
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before for specific models (see e.g. [13–21]), starting indeed from the first inflationary model,
the Starobinsky model [22], but the non-Gaussianity produced in these cases is also generally
too small to be measurable i.e., of the order of the slow-roll parameters 1. In Ref. [1] we
considered general inflation models arising from the most general Lagrangian containing all
generally covariant terms up to two derivatives built with the metric and one scalar field
–assumed to be the inflaton. It was found that under fairly general conditions, modifications
of Einstein gravity in this context lead to a quasi-local non-Gaussianity, with amplitude,
parameterised by the fNL parameter, with values „ Op´1q. This level of non-Gaussianity,
and the fact that it is so similar to the local type, makes the signature potentially measurable
in upcoming galaxy surveys, see e.g., [31–33] and refs therein.
This opens up an exciting window to peer into the physics of the highest energies at
which gravity maybe modified. Therefore here we present a more detailed and quantitative
study of the conditions for inflation and how modifications of gravity can be measured or
characterised from their observational signatures.
We focus on exact computations of the bispectrum generated by the interacting fields
and abandon approximations as much as possible. In this vein, we want to make robust pre-
dictions for models that are expected to modify Einstein General Relativity at high energies
that can be probed at the inflationary epoch. We focus on supergravity [34–36] models of
inflation. They emerge in a low-energy limit of string theory which remains a most promis-
ing candidate to unify the laws of nature. String theory introduces modifications of Einstein
gravity and brings along additional fields. We will use for our computations α´attractor
models [37, 38, 40–44] (see also [21, 45] and [19, 20]) which are a wide class of solutions of
supergravity models. In this context there are two aspects which are relevant for the main
results of this paper. The first is a non-trivial geometry in field space, which is typical of su-
pergravity models and brings along non-trivial kinetic terms (see, e.g., [46]). For α´attractor
models the field metric acquires a specific form, see Eq. (2.1) and (2.4), which, as we shall
see, can play a crucial role as far as primordial non-Gaussianity is concerned. The second
aspect is that this very same form can essentially arise from a construction of α´attractor
models that has its origin in models of gravity where GR is modified, see, e.g., Eq. (A.18).
Indeed these types of scalar dynamics afford an alternative interpretation via modifications
of the Einstein term, in supergravity extensions of the Starobinsky construction [47].
Non-Gaussianity is an invaluable tool to learn about the physics of inflation, as well
as the late-time universe (e.g. Ref. [3–5, 48, 49]). While the local type of primordial non-
Gaussianity produces a prominent and promising signature on the large-scale structure power
spectrum [50–52], the bispectrum is the statistics that carries the full (shape) information,
hence is most suitable to detect the specific signature of the effect. For any practical applica-
tion, the measured, late-time bispectrum contains a combination of primordial, gravitational,
clustering and tracers signal. Separating these effects is an active area of research that will
not be touched upon here. Nevertheless, it is broadly agreed in the community that a local
primordial non-Gaussianity of |fNL| „ 1 is detectable from forthcoming surveys (e.g. [31–33]
and references therein) and |fNL| „ 0.01 will be detected in ultimate surveys [6]; for this
reason, and also accounting for the present constraints on primordial non-Gaussianity from
the Planck data [53], we pay particular attention to models that can in principle produce
(local) non-Gaussian signatures at or above |fNL| „ 1.
1However see, e.g., [23–30], for other related works on the subject covering various aspects of high-energy
scale inflation.
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This paper is organized as follows: In §2 we first motivate the so-called α´attractor
models in supergravity and review them in an appendix. We then take a general (two-field)
Lagrangian for these models and compute the conditions under which inflation takes place.
Having found the general conditions for inflation, we compute the bispectrum generated by
the interaction of the fields (§2) and clarify under which conditions it leads to measurable non-
Gaussian signatures. The impatient reader will find our main results in Eq. (2.60), together
with Eq.(2.87), the discussion in 2.4.4 and Table 1. We conclude in §3. In Appendix A we
recall some basics of single-field models of α-attractors to introduce the typical multi-field
models studied in this paper. In Appendix B we write down the building-blocks for the
computation of the primordial non-Gaussianity in the models investigated. In Appendix C
we give some details about slow-roll parameters in the case of multifield models of inflation
with a non-canonical kinetic term.
2 Inflation models and modifications of gravity
We wish to study in a general framework how modifications of Einstein gravity can be
measured at the scale of inflation, which is the highest energy probe we currently have in the
Universe (Inflation is supposed to occur at energies as high as „ 1015´16 GeV).
Supergravity, as a low-energy limit of string theory, underlies the corresponding at-
tempts to unify the four fundamental forces of nature at high energies based on underly-
ing symmetries. We will use a general framework to describe inflationary models that has
emerged from conformal symmetries embedded in theories of supergravity.
The α-attractor models [37, 38, 40–44] arise in the context of supergravity [37, 55, 56, 63],
along with the attempt to build an inflationary mechanism (e.g., [39, 57? , 58]). Important
simplifications are obtained, in this context, when supersymmetry is non-linearly realized
(for a review see [59]), as it occurs in String Theory, in “brane supersymmetry breaking”
[60–62, 65].
The Planck [66] and WMAP [67] results are consistent with standard, single-field models
of inflation, in particular, the original Starobinsky model [22] is among those that are allowed
by current constraints. Several different models of inflation, despite their different origin,
make very similar cosmological predictions and provide a good fit to observations. This,
apparently surprising, coincidence led to the discovery of “cosmological attractors” models.
The first class of inflationary attractor models discovered was the conformal attractors [21,
45], which were soon generalized to α-attractors [37, 38]. Another class of models, dubbed ξ-
attractors, describes inflation through a non-minimal coupling to gravity [68–70]. In addition
to those, there are models with two attractor points [71, 72, 80] that can cover large regions
of the tensor-to-scalar ratio vs primordial tilt parameter space (r ´ ns) (in particular they
span the currently allowed region). 2
In what follows, we review the ideas on which α-attractors are based, focusing from the
start on the the extension of these models to the multi-field case which will be especially
important to understand how non-Gaussian features are directly related to modifications of
gravity. The action we start from, Eq. (2.1), derives indeed from a model of gravity, Eq. (A.18)
with modifications reflected by the presence of scalar fields. We recall the construction
that leads to Eq. (2.1) in Appendix A. There we provide a summary of some details about
inflationary alpha-attractors, starting from the action in the Jordan frame, introducing the
2However note the recent work [81] that elaborates on some potential issues on realising concrete α-attractor
models of inflation.
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concept of spontaneously broken conformal symmetry and recalling why and to what extent
the predictions of these models can be considered to be universal. In particular we recall the
construction.
Our numerical simulations of the background dynamics of the inflaton are based on the
Mathematica code developed by Ref. [83], which we have suitably modified.
2.1 Specific cases
We will start with a toy model from Ref. [21] and generalise it to two fields. We will show
later that this model is the basis for a more general analysis.
Our starting point is the Lagrangian [45]
L “ ?´g
„
R
2
´ 1
2
BµϕBµϕ´ 3 sinh2 ϕ?
6
BµθBµθ ´ V
´
tanhpϕ{?6q cos θ, tanhpϕ{?6q sin θ
¯
,
(2.1)
where V is the potential term. Note that θ exhibits a non-canonical kinetic term. If we
interpret the fields as classical variables, θ would be an angle and ϕ would be related to the
radial distance from the origin in polar coordinates.
We begin by studying in detail two examples of the two-field models described by this
Lagrangian –Eq. (2.1)–. In particular, we compute the power spectrum and the bispectrum
of curvature perturbations and show under what conditions observable non-Gaussianities can
be generated. These specific cases will then be generalized later.
In order to be as general as possible within a Lagrangian of the type (2.1), we are going
to focus on
L “ a3ptq
„
R
2
´ 1
2
BµϕBµϕ´ fpϕq
2
BµθBµθ ´ V pϕ, θq

, (2.2)
where we have defined
fpϕq ” 6 sinh2 ϕ?
6
. (2.3)
In this way, the following equations can be generalized without effort to a different non-
canonical kinetic term. In addition to this, we have assumed that the background spacetime
is Friedman-Robertson-Walker.
In this case, using the general treatment of multi-field models of inflation [84–86] (shortly
summarized in Appendix C) the field space metric (see Eq. C.1) is given by
GIJ “
ˆ
1 0
0 fpϕq
˙
, (2.4)
which yields the equations of motion for the fields
:ϕ` 3H 9ϕ´ 1
a2
∇2ϕ` Vϕ ` f
1
2
BµθBµθ “ 0 , (2.5)
:θ ` 3H 9θ ´ 1
a2
∇2θ ` 1
f
Vθ ´ f
1
f
BµϕBµθ “ 0 , (2.6)
where
Vχ ” BVBχ . (2.7)
and χ denotes the field either θ or φ. The last terms on the LHS in both equations come
from the non-canonical kinetic term for θ. Notice that both the non-canonical kinetic term
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and the potential are responsible for interactions between the fields. The previous equations
are decoupled if, and only if, the potential has the form V “ V pϕq ` Upθq and f ” const.
Hereafter, we will denote the derivatives of the potential with respect to the fields without
the comma, for convenience.
As usual, we split the fields into a background term and a perturbation as
ϕpt,xq “ ϕ0ptq ` δϕpt,xq , (2.8a)
θpt,xq “ θ0ptq ` δθpt,xq . (2.8b)
The background equations of motion are
:ϕ0 ` 3H 9ϕ0 ´ f
1
2
9θ20 ` Vϕ “ 0 , (2.9)
:θ0 ` 3H 9θ0 ` f
1
f
9ϕ0 9θ0 ` 1
f
Vθ “ 0 . (2.10)
The non-trivial field space metric introduces a new potential term ´f 12 9θ20 dependent on the
angular velocity 9θ0 into the first equation. Notice that this term is always negative and hence
it forces the field ϕ to accelerate. Conversely, in the second one, the non-trivial field-space
metric introduces the term f
1
f 9ϕ0 9θ0 dependent on 9ϕ0. The sign of this term depends on the
sign of the velocity 9ϕ0 and hence it can accelerate or decelerate θ.
The first Friedmann equation reads
H2 “ 1
3
´1
2
9ϕ20 ` f2
9θ20 ` V
¯
, (2.11)
with
ρ “ 1
2
9ϕ20 ` f2
9θ20 ` V ,
P “ 1
2
9ϕ20 ` f2
9θ20 ´ V .
(2.12)
In what follows, we will adopt the shortcut notation where we will drop the subscript “0” that
characterises the background fields. The complete field will appear only in equations (B.1)
and (B.2).
The equations for the fluctuations, up to second order, read
:δϕ` 3H 9δϕ´ 1
a2
∇2δϕ´ 9θ
2
2
´
f2δϕ` 1
2
f3δϕ2
¯
´f 1
´
9θ 9δθ ´ 1
2
BµδθBµδθ
¯
´f2 9θδϕ 9δθ
` Vϕϕδϕ` Vϕθδθ ` 1
2
Vϕϕϕδϕ
2 ` Vϕϕθδϕδθ ` 1
2
Vϕθθδθ
2 “ 0 , (2.13)
:δθ ` 3H 9δθ ´ 1
a2
∇2δθ ` f
1
f
´
9ϕ 9δθ ` 9θ 9δϕ
¯
´f
1
f
BµδϕBµδθ `
ˆ
f 1
f
1˙´
9ϕ 9θ ` 9θ 9δϕ` 9ϕ 9δθ
¯
δϕ
`
ˆ
f 1
f
2˙
9ϕ 9θδϕ2 ` 1
f
ˆ
Vθθδθ ` Vθϕδϕ` 1
2
Vθθθδθ
2 ` Vθθϕδϕδθ ` 1
2
Vθϕϕδϕ
2
˙
`
ˆ
1
f
1˙´
Vθ ` Vθθδθ ` Vθϕδϕ
¯
δϕ` 1
2
ˆ
1
f
2˙
Vθδϕ
2 “ 0 . (2.14)
Notice that all the terms with derivatives of f would vanish if the kinetic term of θ was
canonical.
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2.2 Viable initial conditions for inflation
Acceptable initial conditions for the fields should lead to an inflationary period lasting at
least 50´ 70 e-folds (for a review of the problem of initial conditions for inflation, including,
α-attractor models, see [82]). Recall that the number of e-folds N is defined by dN “ Hdt.
Initial conditions are given at N “ 0 and inflation may start some time later. To study the
inflationary dynamics, it is useful to rewrite the background equations (2.9) and (2.10) in
terms of the e-folds number N .
Let us denote ϕ1 “ dϕ{dN i.e. prime for the fields denote derivative with respect to N ,
but f 1 stands for df{dϕ. Defining
ωθ ” ´f
1
2
θ12, (2.15)
ωϕ ” f
1
f
θ1ϕ1, (2.16)
we can write
ϕ2 ` ωθ ` p3´ εq
ˆ
ϕ1 ` Vϕ
V
˙
“ 0 , (2.17)
θ2 ` ωϕ ` p3´ εq
ˆ
θ1 ` 1
f
Vθ
V
˙
“ 0 , (2.18)
H2 “ V
3´ ε , (2.19)
ε ” ´ 9H
H2
“ 1
2
ϕ12 ` f
2
θ12 . (2.20)
The background equations of motion in the slow-roll and slow-turn approximation re-
duce to
ϕ1 ` Vϕ
V
“ 0 , (2.21a)
θ1 ` 1
f
Vθ
V
“ 0 , (2.21b)
H2 “ V
3
. (2.21c)
Notice that in the second equation the potential for θ is suppressed by the function f that
goes as exppa2{3ϕq. If inflation occurs in the region ϕ " 1, the velocity θ1 should be small
during slow-roll, unless the potential term compensates this exponential suppression. Later,
as ϕ moves towards the minimum of the potential, the suppression is reduced and the velocity
θ1 can increase. Let us recall here that inflation occurs for ϕ " 1 in the single-field case. On
the other hand, in the multi-field case, this condition can be relaxed since the inflaton can
move in more directions and then the aforementioned suppression can be ineffective.
Therefore, coming back to the general case of Eqs. (2.17-2.20), let us suppose that
ϕ1 " Vϕ{V and θ1 " Vθ{pfV q. In this limit, the background equations of motion (2.17)
and (2.18) read
ϕ2 ´ f
1
2
θ12 ` p3´ εqϕ1 “ 0 , (2.22a)
θ2 ` f
1
f
θ1ϕ1 ` p3´ εqθ1 “ 0 . (2.22b)
– 6 –
0.4 0.2 0.0 0.2 0.4
1.0
0.5
0.0
0.5
1.0
0.6 0.4 0.2 0.0 0.2 0.4 0.6
1.0
0.5
0.0
0.5
1.0
Figure 1. Phase-space diagrams for the system described by Eq. (2.22). Points represent initial
velocities
`
θ1p0q, ϕ1p0q˘ and vectors are accelerations `θ2p0q, ϕ2p0q˘. These phase-space diagrams are
represented at a fixed value of ϕp0q and hence are reliable in a small neighbourhood of it. The left
panel corresponds to φp0q “ 6 and fpφp0qq “ 200, while in the right panel φp0q “ 4 and fpφp0qq “ 36.
Inflation only happens for given values of |θ1| ă 0.16 for the left panel, while it can take place for
higher values for the case on the right panel.
Figure 2. Plot of the J “ 0 surface evaluated at N “ 0 (see Eq. (2.24)). Inflation occurs if initial
conditions lie on the right of the red surface. Notice that 0.4 Á θ1p0q Á ´0.4 (the plot is symmetric
in θ1p0q). In addition to this, notice that 4 Á ϕ1p0q Á ´2. However, |ϕ1|ă ?6 (due to Eq. (2.19)) and
hence there are practically no restrictions on the initial velocity ϕ1p0q as opposed to θ1p0q.
Hence, the dynamics of the system is determined only by the non-canonical kinetic term.
This approximation is useful when we are dealing with sufficiently high initial velocities
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Figure 3. Level curves of the surface in Fig. 2 for some values of ϕ1p0q. Inflation occurs in the
region under the curves. Notice that for large ϕp0q all the curves converge and hence ϕ1p0q has no
importance in the dynamics of the inflaton. On the other hand, for ϕp0q " 1, θ1p0q should be very
small, otherwise the term ωθ (2.15) becomes very large and dominates the dynamics of the system.
(so that the potential terms can be neglected). However, notice that, during slow-roll, the
terms related to the potential are not negligible, due to equations (2.21). The phase-space
diagram of this system of differential equations is represented in figure 1. The behaviour of
the solutions is quite clear. If the velocities are sufficiently high that the terms Vϕ{V and
Vθ{pfV q can be neglected, then inflation usually does not occur, because the fields accelerate
and slow-roll cannot be reached. This acceleration is driven by the term ωθ (2.15) which
derives from the non-canonical kinetic term. In order to have inflation, the term ωθ should
be sufficiently small and should remain so. Looking at Fig.1, inflation can happen in regions
in the phase space that are “basin of attraction” for ϕ1 “ 0, θ1 “ 0. Note that, if f is an even
function (as the function (2.3)), equations (2.22) are invariant under the transformations
ϕÑ ´ϕ and θ Ñ ´θ.
Now, consider equation (2.18). Let us choose the simplest case: Vθ “ 0. In this case,
the equation of motion for θ coincides with (2.22b), i.e.
θ2 ` Jθ1 “ 0 , (2.23)
where we have defined
J
`
ϕ,ϕ1, θ1
˘” 3´ 1
2
ϕ12 ´ f
2
θ12 ` f
1
f
ϕ1. (2.24)
The sign of the function J (see Fig. 2) is fundamental for the behaviour of the system. If it
is negative, θ accelerates and inflation will never occur, since also ϕ accelerates (due to the
term ωθ (2.15) in (2.17)) and the slow-roll regime cannot be reached. On the other hand, if
this term is positive, it acts like a viscous term and θ1 is suppressed. Because of the previous
considerations, the sign of the function J at N “ 0 determines the initial dynamics of the
system. If it is negative, inflation cannot start. However, notice that near J “ 0 some caution
must be taken and only numerical analysis of the dynamics can distinguish whether inflation
occurs. This function is represented in Fig. 3. During slow-roll the function J is certainly
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Figure 4. Viability of initial conditions for the model with potential V pϕ, θq “ tanh2 `ϕ{?6˘. Left
panel: φ1p0q “ 0, right panel: φ1p0q “ 2. The graphs have the same x and y scales, but different z
one. Let us focus on a fixed value of ϕp0q. Increasing the initial velocity θ1p0q increases the number of
e-folds Nf of inflation until they suddenly drop (inflation does not start). The same occurs increasing
the initial position with θ1p0q fixed (unless θ1p0q Ñ 0). In the region θ1p0q Ñ 0, the fields follow a
nearly straight trajectory and the field θ can be practically ignored. The term ωθ in (2.17) has the
dominant effect on the inflationary region. Notice that increasing the initial velocity ϕ1 reduces the
region where inflation can occur; moreover, it increases the number of e-folds of inflation, keeping
fixed the other initial conditions. Finally, note that the boundary of the inflationary region has the
shape depicted in figure 2.2.
positive and hence θ1 is suppressed (inflation approaches a nearly straight trajectory with
small angular velocity θ1).
Now, let us focus on equation (2.17) in order to understand what are the effects of
the presence of the non-canonical kinetic term of θ. The additional term originating from
the non-canonical kinetic term is ωθ (2.15). Notice that it is always a negative term (f
1 is
positive as well as θ12, obviously) and hence it induces positive acceleration. Qualitatively,
the dynamics of the field ϕ is very simple. If the term ωθ is dominant, the field ϕ accelerates
and inflation might be no longer possible since also the field θ accelerates for the previous
considerations. The remaining term p3 ´ εqϕ1 is like a viscous force and always reduces the
speed (3´ ε ą 0, due to equation (2.19)).
For the simple case of the potential V pϕ, θq “ tanh2 `ϕ{?6˘, numerical calculations
were performed in order to study the acceptable initial conditions for inflation. The results
are represented in Fig. 4 and they can be interpreted thanks to the previous analysis. Notice
that inflation occurs only if θ1 is sufficiently small from the beginning. However, the term
ωθ (2.15) could be of order unity at N “ 0, as it can be inferred from figure 4. Notice that
during slow-roll ωθ is certainly small, since it is a slow-roll parameter (ωϕ is also a slow-roll
parameter, see section C).
Clearly, introducing a non-trivial potential for θ opens a Pandora’s box. This makes a
general study impossible since it can produce a multitude of different and peculiar outcomes.
If the term Vθ{pfV q is negligible, we recover one of the previously studied cases. On the other
hand, viable initial conditions are mainly determined by the term ωθ in the background
equation (2.17) and by the particular form of the potential. In the next section, we will
analyse in detail two relevant representative cases.
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As we have seen, the background dynamics and the initial conditions are primarily
affected by the term ωθ in (2.17). The function f (2.3) has a first derivative that is positive
for ϕ ą 0. This constrains the possible initial conditions because the aforementioned term
always increases the velocity ϕ1 in the region ϕ ą 0. On the other hand, nothing prevents
us from considering a different non-canonical kinetic term with f 1 ă 0 for ϕ ą 0. In this
case, the considered term would suppress ϕ1 helping the field to reach the attractor solution.
However, f ą 0 (because energy is always positive) and hence the term ωϕ in (2.18) can
accelerate the field θ breaking the inflationary dynamics. In this case a more detailed study
is necessary for each particular function f .
2.3 Constant turn case
Recall that in the previous model the non-canonical kinetic term and the coupling with the
potential are the manifestation of modifications of General Relativity. We wish to study
how they generate primordial non-Gaussianities. Our starting point is the two-field La-
grangian (2.1). Let us suppose that the background trajectory is a circle with fixed ϕ and
constant angular velocity 9θ. We also assume that the potential depends only on ϕ (hence
θ is massless). With all these assumptions, our model is analogous to Chen’s quasi-single
field [87], except for the presence in our model of a non-trivial coupling in the kinetic term,
which is the manifestation of modifications of gravity. Inflation is driven by the field θ (in-
flaton), the second field ϕ (isocurvaton) produces the non-Gaussianities that are eventually
transferred to the former field [88, 89]. In this approximation we have made the potential V
a function only of ϕ, neglecting the dependence on θ (in subsection (2.3.3) we will consider
a potential V that depends on both ϕ and θ). This seems too drastic at first sight, since θ
should have a suitable potential in order to be the inflaton. However if we are only interested
in evaluating the bispectrum, this approximation allows us to focus on the non-Gaussianities
produced by the field ϕ and transferred to θ. Indeed, as we will see, the contributions to
the bispectrum due to the dependence of the potential on θ should be subdominant due
to the slow-roll conditions. Hence, for the moment we assume that a suitable potential for
θ was chosen, but that its contribution to the bispectrum can be neglected. A pictorial
representation of a constant turn trajectory is given in figure 5.
The couplings between the fields depend on the potential and on the non-canonical
kinetic term. The most important characteristic of this model is that it can produce large
non-Gaussianities [87–89], because the field ϕ is not subject to the slow-roll conditions, that
usually constrain the magnitude of the couplings.
To perform such an analysis we need the Hamiltonian of the system which allows us to
determine both the linear fluctuations of the fields and their interactions (see Appendix B
for details). The perturbed Hamiltonian is expanded in a background term and higher
order terms in the field’s perturbations. One can neglect the linear terms in this calculation
since they do not contribute to the equations for the fluctuations. Finally the perturbed
Hamiltonian is separated in a kinetic part and an interaction part and the perturbations in
the metric are neglected, since it is well known that the latter give a small contribution [4, 5].
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Figure 5. Example of constant-turn trajectory. The field (the yellow ball) moves along a circle, thanks
to the particular form of the potential. The fluctuation δθ is related to the curvature perturbation of
the inflaton field θ and δϕ to the isocurvature perturbation of the field ϕ.
With the previous assumptions, the Hamiltonian, Eq. (B.9), becomes
H0 “ a
3
2
9δϕ
2 ` a
3f2 9θ2
4
ˆ
1
f
2˙
δϕ2 ` a
3f
2
9δθ
2 ` a
2
`pBiδϕq2 ` fpBiδθq2˘
` a
3
2
Vϕϕδϕ
2, (2.25a)
Hp2qINT “ ´a3f 1 9θδϕ 9δθ , (2.25b)
Hp3qINT “
a3f2 9θ2
12
ˆ
1
f
3˙
δϕ3 ` a
3f2 9θ
2
ˆ
1
f
2˙
9δθδϕ2 ` a
3f2
2
ˆ
1
f
1˙
9δθ
2
δϕ` a
2
f 1δϕpBiδθq2
` a
3
6
Vϕϕϕδϕ
3, (2.25c)
where the term Hp0q describes the kinetic part, Hp2qINT and Hp3qINT are respectively the second
and third order interaction terms. Note that, even if 9θ “ 0, there are interactions between
the fields (but only at third order in perturbations) originating from the potential V and
the non-canonical kinetic term. In the following, we will use the same definitions of equa-
tions (B.9) to characterise the different terms of the Hamiltonian. Therefore, in the following
Zi, Ai, Bi, Ci, D will indicate the various coupling constants as defined in Eq. (B.9). For
example, Hp3qA2 “ a3Vϕϕϕδϕ3{6.
Since θ is massless, ν˜ “ 3{2 (see equation (B.21)). Therefore, the mode functions (B.17)
and (B.22), respectively for the δϕ and δθ fluctuations, reduce to
ukpτq “
?
pi
2
eipν`
1
2
qpi
2 p´τq 32HHp1qν p´kτq , (2.26a)
vkpτq “ H?
2k3
?
f
p1` ikτqe´ikτ . (2.26b)
Finally, since the trajectory is a circle, the curvature perturbation ζ can be written [87] as 3
3 The general expression of the curvature perturbation for the Lagrangian (2.1) is given by [86] ζ “ ´H9σ δσ,
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ζ » ´H9θ δθ . (2.27)
In the following we will use the in-in formalism [90] to compute the correlators of our interest.
2.3.1 Power-spectrum
At lowest order in the in-in expansion, the two-point correlation function reads
xζ2pτqyp0q “ p2piq3δ3pp1 ` p2qH
2
9θ2
|vp1pτq|2
“ p2piq3δ3pp1 ` p2q H
4
2f 9θ2 p31
p1` p21τ2q . (2.28)
On super-horizon scales ´p1τ ! 1, the previous expression becomes
xζ2p0qyp0q “ p2piq3δ3pp1 ` p2q H
4
2f 9θ2 p31
. (2.29)
The lowest-order correction is given by
xζ2ptqyp2q “ p2piq3δ3pp1 ` p2qf
12H2
f2p31
CT pνq , (2.30)
where we have defined
CT pνq ” pi
4
Re
#ż 8
0
dx1
ż 8
x1
dx2
˜
eipx1´x2q?
x1x2
Hp1qν px1qHp2qν px2q ´ e
´ipx1`x2q
?
x1x2
Hp1qν px1qHp2qν px2q
¸+
,
(2.31)
and x ” ´p1τ . In the previous expression, we have considered the superhorizon limit. The
factor CT pνq is plotted in figure 6. The lowest integration limit is not zero, but practically it
should be taken at the time inflation ends, thus imposing a cutoff at
eN˚ “ ´ 1
p1τf
, (2.32)
where N˚ is the number of e-folds before the end of inflation at which the considered scale p1
leaves the horizon and τf is the end of inflation. However, in the following, we will suppose
that inflation ends at τf “ 0.
In summary, the power-spectrum (up to second order in the in-in expansion) reads
xζ2ptqy “ xζ2ptqyp0q ` xζ2ptqyp2q
“ p2piq3δ3pp1 ` p2qp2piq
2
2p31
ˆ
H4
4pi2f 9θ2
` f
12H2
2pi2f2
CT pνq
˙
, (2.33)
and the dimensionless power-spectrum is
Pζ “ H
4
p2pi 9θq2f
«
1` 2f
12
f
CT pνq
ˆ 9θ2
H2
˙ff
. (2.34)
where δσ ” cosβ δϕ` sinβ?fδθ, 9σ ”
b
9ϕ2 ` f 9θ2, cosβ “ 9ϕ9σ and sinβ “
?
f 9θ
9σ . Since the trajectory is a circle
with fixed value of ϕ, the velocity 9ϕ “ 0 and then the adiabatic direction is parallel to δθ.
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Figure 6. The factor CT pνq defined in (2.31). For ν ! 3{2 the dependence on the scale is negligible,
it becomes significant as ν Ñ 3{2. Left panel: CT pνq for a scale that exits the horizon 50 e-folds before
the end of inflation. Right panel: CT pνq for different scales that exit the horizon N˚ e-folds before
the end of inflation.
Note that
2f 12
f
˜
9θ2
H2
¸
“ 2ξθ , (2.35)
where ξθ is the slow-roll parameter defined in (B.14e). Therefore, the correction to the di-
mensionless power-spectrum is of first order in the slow-roll parameters. This is fundamental
in order for the theory to remain perturbative. Another feature to notice is the dependence
of Pζ on f´1. In the constant-turn case, this is like a normalization factor since ϕ is assumed
constant. This discussion for the power spectrum is similar to the original single-field models
of inflation [87], however in our case the non-trivial coupling in the kinetic term comes into
play.
2.3.2 Bispectrum
The definition of the non-linearity parameter fNL is obtained considering the amplitude of
the bispectrum in the equilateral configuration, i.e.
xζpp1qζpp2qζpp3qy p1“p2“p3ÝÝÝÝÝÝÑ p2piq7δ3pp1 ` p2 ` p3qP2ζ
ˆ
9
10
fNL
˙
1
p61
. (2.36)
The magnitude of fNL can be estimated using Feynman rules. At each vertex we associate the
corresponding dimensionless coupling constant (it is convenient to work with dimensionless
constants, since fNL is dimensionless). The n-th order term of the in-in expansion can be
estimated as [87]
xζ3ypnq „ I
nź
i
Ci
?
f 9θ
H2
P2ζ
1
p61
, (2.37)
where I denotes an integral term and Ci are the coupling constants. The integral term can
be considered I „ Op1q, even in the limit ν Ñ 3{2 [87]. Let us notice that the power-
spectrum (2.34) (at zeroth order) can be rewritten as
Pζ “ H
2
8pi2εθ
, (2.38)
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where εθ in this case corresponds to the usual slow-roll parameter  according to Eq. (B.14a).
Finally, the amplitude of fNL can be approximated as
fNL „
nź
i
Ci
?
f 9θ
H2
. (2.39)
The lowest order non-vanishing contribution to the bispectrum reads
xδθ3yp2q “ xδθ3Hp2qHp3qC1 y . (2.40)
The dimensionless coupling constant of Hp2q is f 1f´1{2 9θH´1, and that of Hp3qC1 is given by
f 1f´1H. Then, it is simple to show that
xζ3yp2qC1 „
f 12
f2
εθP2ζ
1
p61
. (2.41)
We recall that with Zi, Ai, Bi, Ci, D we indicate the various coupling constants defined in
Eq. (B.9). We have introduced the notation xζ3yp2qC1 , that denotes the second-order term in
the expansion of the three-point correlator xζ3y that contains the free vacuum expectation
value x0| ζ3Hp2qHp3qC1 |0y. In what follows we will use this short-hand notation to characterise
the terms of the in-in expansion. We will consider only the connected diagrams and write
down only the relevant couplings to identify the different terms (e.g., in the previous example
we did not write the coupling Z1 for H
p2q since it was uniquely determined).
At third order,
xδθ3yp3q Ě xδθ3Hp2qHp2qHp3qB1 y , (2.42)
since Hp3q (2.25c) does not contain a δθ3 term (in the following subsection we will consider
a massive inflaton field θ). Its contribution to the bispectrum is given by
xζ3yp3qB1 „ ε2θ
f 1
f
2f 13 ´ ff 1f2
f3
P2ζ
1
p61
. (2.43)
Finally, at fourth order we need to calculate terms like
xδθ3yp4q Ě xδθ3Hp2qHp2qHp2qHp3qy , (2.44)
where Hp3q “ Hp3qA or Hp3q “ Hp3qC1 . The naive evaluations of these contributions are
xζ3yp4qA1 „ ε3θ
f 13
f3
ˆ
6ff 1f2 ´ 6f 13 ´ f2f3
f3
˙
P2ζ
1
p61
, (2.45a)
xζ3yp4qA2 „
Vϕϕϕ
H
ε2θ
f 13
f3
P2ζ
1
p61
, (2.45b)
xζ3yp4qC1 „ ε2θ
f 14
f4
P2ζ
1
p61
. (2.45c)
All the previously estimated contributions are suppressed by the slow-roll parameters. In
addition to this, notice that f „ f 1 „ f2 for the function (2.3) and hence the non-canonical
kinetic term cannot affect the order of magnitude of fNL. Chen [87] computes a term similar to
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Figure 7. Diagrams associated to third and fourth-order contributions to bispectrum in the in-in
expansion.
xζ3yp4qA2, since it is the only one that can be enhanced thanks to Vϕϕϕ, which is not suppressed
by the slow-roll conditions (the field ϕ is not the inflaton). Since our model is very similar
to that of Chen4, the aforementioned term is the only one that can be enhanced, for the
same reason; all other contributions are suppressed by the slow-roll parameters. Therefore
we provide some more details about the term xζ3yp4qA2.
The diagrammatic representation of the term (2.45b) is given by the diagram (c) in
figure 7 with the fields δϕ and δθ swapped. The full expression of the term (2.45b) in the
commutator form reads
xζ3yp4qA2 “´ 12p2piq3δ3pp1 ` p2 ` p3q
ˆ
Hf 1
9θ
˙3
vp1p0qvp2p0qvp3p0q
Re
#ż 0
´8
dτ1
ż τ1
´8
dτ2
ż τ2
´8
dτ3
ż τ3
´8
dτ4
4ź
i“1
´
a3pτiq
¯
9θ3
`
v1p1pτ1q ´ c.c.
˘
ˆ
apτ2qVϕϕϕpτ2q
6
A` apτ3qVϕϕϕpτ3q
6
B ` apτ4qVϕϕϕpτ4q
6
C
˙+
`5 perm , (2.46)
where
A “ `up1pτ1qup˚1pτ2q ´ c.c.˘`up3pτ2qup˚3pτ4qv1p˚3pτ4q ´ c.c.˘up2pτ2qup˚2pτ3qv1p˚2pτ3q ,
B “ pv1p2pτ2q ´ c.c.
˘`
up˚1pτ1qup˚2pτ2qup1pτ3qup2pτ3q ´ c.c.
˘
up3pτ3qup˚3pτ4qv1p˚3pτ4q ,
C “ ´pv1p2pτ2q ´ c.c.
˘pv1p3pτ3q ´ c.c.˘up˚1pτ1qup˚2pτ2qup˚3pτ3qup1pτ4qup2pτ4qup3pτ4q .
In order to calculate fNL, we consider the equilateral limit p1 “ p2 “ p3 “ p (see equa-
tion (2.36)). Using the mode functions 2.26, equation (2.46) becomes
xζ3yp4qA2 “ p2piq3δ3pp1 ` p2 ` p3q
3pi3
27
f 13H2
f3p6
Vϕϕϕ Re
#ż `8
0
dx1
ż `8
x1
dx2
ż `8
x2
dx3
ż `8
x3
dx4
4ź
i“1
ˆ
1
x4i
˙`
v˜1px1q ´ c.c.
˘ˆ A˜
x2
` B˜
x3
` C˜
x4
˙+
, (2.47)
4The main difference is the presence in our model of a non-canonical kinetic term, but this does not alter
significantly the results, since, for the function f (2.3), we have f „ f 1 „ f2. However, our treatment is
general and can be generalized considering other possibilities for f .
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where we have defined xi ” ´pτi and
v˜pxq ” p1´ ixqeix, (2.48a)
u˜pxq ” x 32Hp1qν pxq , (2.48b)
A˜ “ `u˜px1qu˜˚px2q ´ c.c.˘`u˜px2qu˜˚px4qv˜1˚px4q ´ c.c.˘u˜px2qu˜˚px3qv˜1˚px3q , (2.48c)
B˜ “ pv˜1px2q ´ c.c.
˘`
u˜˚px1qu˜˚px2qu˜px3qu˜px3q ´ c.c.
˘
u˜px3qu˜˚px4qv˜1˚px4q , (2.48d)
C˜ “ ´pv˜1px2q ´ c.c.
˘pv˜1px3q ´ c.c.˘u˜˚px1qu˜˚px2qu˜˚px3qu˜px4qu˜px4qu˜px4q . (2.48e)
Finally, using the definition (2.36) and the expression of the power-spectrum (2.34), the
contribution of the previous correlator to the parameter fNL reads
f
p4q
NL “
5pi3
3 ¨ 26
f 13
f3
ˆ
f
9θ2
H2
2˙ Vϕϕϕ
H2
Re
#ż `8
0
dx1
ż `8
x1
dx2
ż `8
x2
dx3
ż `8
x3
dx4
4ź
i“1
ˆ
1
x4i
˙`
v˜1px1q ´ c.c.
˘ˆ A˜
x2
` B˜
x3
` C˜
x4
˙+
. (2.49)
Notice that f
p4q
NL is proportional to the square of the slow-roll parameter εθ (B.14a). As
we have already said, the amplitude can be increased, thanks to the third derivative Vϕϕϕ.
Obviously, this enhancement depends on the particular form of the potential V . We postpone
this discussion to section 2.3.4, where we are going to study the effects of the presence of the
parameter α which characterizes the specific models we are analyzing.
2.3.3 Generalizations
In this section, we will generalize the previous model, by introducing a potential for the
inflaton θ. We will see that the new contributions to the power-spectrum and the bispectrum
are small, since they are suppressed by the slow-roll conditions. Let us suppose that the
potential is separable, V pϕ, θq “ Vpϕq ` Upθq. If the field θ is massive, the expression of
the power-spectrum (2.34) is slightly modified by the mass term a
3
2 Vθθδθ
2 in the Hamilto-
nian (B.9). The mode functions are given by (B.17) and (B.22). Now the power-spectrum
reads
Pζ “ H
4
p2pi 9θq2f
«
1` 2f
12
f
CT pν, ν˜q
ˆ 9θ2
H2
˙ff
, (2.50)
where
CT pν, ν˜q ” pi
3
43
Re
#ż 8
0
dx1
ż 8
x1
dx2H
p1q
ν px1qx´
3
2
1
d
dx2
ˆ
x
3
2
2H
p2q
ν˜ px2q
˙
Hp2qν px2qx´
3
2
2«
H
p1q
ν˜ p0qHp2qν˜ p0q
d
dx1
ˆ
x
3
2
1H
p1q
ν˜ px1q
˙
´Hp1qν˜ p0qHp1qν˜ p0q
d
dx1
ˆ
x
3
2
1H
p2q
ν˜ px1q
˙ff+
.
(2.51)
The cubic Hamiltonian (2.25c) has the additional term
Hp3qD “
a3
6
Vθθθδθ
3 , (2.52)
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and hence new corrections arise for the bispectrum. At first order, the term
xδθ3yp1q Ě xδθ3Hp3qD y (2.53)
constitutes a self-interaction of the field θ. As previously done, its contribution to the cur-
vature perturbation can be approximated as
xζ3yp1qD „
Vθθθ
H
?
εθf
´ 3
2P2ζ
1
p61
. (2.54)
This contribution is negligible since VθθθH
´1 should be small during slow-roll5. At second
order, there are no new terms. Instead, at third order, the term
xδθ3yp3q Ě xδθ3Hp3qD Hp2qHp2qy (2.55)
appears, and its contribution to the bispectrum is given by
xζ3yp3qD „
Vθθθ
H
f 12
f
7
2
ε
3
2
θ P2ζ
1
p61
. (2.56)
However, this term cannot contribute significantly to the bispectrum for the same reason as
the term xζ3yp1qD . Therefore, the field θ can be considered massless with good approximation,
as long as the slow-roll conditions hold and as far as the bispectrum is concerned.
If f is a generic function, one can increase the ratio f 1{f , in order to produce large
non-Gaussianities, since the previously estimated corrections usually depend on this ratio.
However, some caution must be used. Indeed, this ratio affects the first non-vanishing cor-
rection to the power-spectrum (2.34) (or (2.50)), and hence we have to impose a constraint
like
f 12
f2
ε2θ ! 1 , (2.57)
in order not to loose the perturbativity of the computation. In addition to this, since θ is
the inflaton we should require that the slow-roll parameters in the definition of ν˜ (B.21) are
small. The latter condition implies that
εθ ! 1 , (2.58a)
f2
f
εθ ! 1 . (2.58b)
These conditions prevent an enhancement of all the estimated contributions except for (2.45a)
and the self-interaction terms (2.54) and (2.56). The latter terms can be enhanced if f is suf-
ficiently small, because they are proportional to inverse powers of f . The actual enhancement
depends on the specific expression of f and thus we do not make a deeper analysis. However,
notice that these two terms are suppressed by the slow-roll parameter εθ and also by the
factor Vθθθ{H that should be small during inflation if θ drives it, as we mentioned before.
The term (2.45a) can be enhanced if f3f2f 1´3 " 1 thanks to the third derivative f3 which
is not constrained by the slow-roll conditions. Again, the magnitude of this enhancement
depends on the particular form of f .
5The third derivative of the potential is related to a second-order slow-roll parameter. In the notations
of [66] the slow-roll parameter ξ2V ” VϕVϕϕϕ{V 2 is defined, where V is the potential of the inflaton.
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2.3.4 The α parameter
Similarly to what is done in the original α´attractor models [20, 21, 38, 71], let us now
introduce the dimensionless parameter α into the Lagrangian (2.1). This parameter inter-
polates between the standard predictions of the chaotic inflation scenario and the universal
attractor regime while describing a broad class of inflationary models that arise naturally in
supergravity. In fact, the parameter α, besides allowing one to parametrize a broad class
of models, arises naturally in supergravity theories and is related to the Ka¨hler curvature
of the manifold. For our purposes, it is sufficient to think of α as a parameter influencing
the UV cutoff (see Refs. [38, 71]). In practice, it can be introduced simply by replacing
ϕ{MPl Ñ ϕ{p?αMPlq into the function f and the potential V of the Lagrangian (2.1).
What is the effect of the the parameter α on the generation primordial non-Gaussianities?
Can certain values of this parameter generate large non-Gaussianities? This parameter can
be introduced into the previous estimates, noticing that each derivative w.r.t. ϕ corresponds
to a factor 1{?α. This is clear after the introduction of a rescaled field φ ” ?αϕ. Obviously,
α should be small, if we want to enhance through it some of the previous contributions. How-
ever, there is a tight constraint deriving from the correction to the power-spectrum (2.50).
Since the correction should be small, in order to preserve almost scale-invariance, we require
εθ
α
! 1 . (2.59)
One can show that this condition prevents an enhancement of all the terms estimated in the
previous two subsections, except for (2.45b). Indeed, this term can be estimated as
xζ3yp4qA2 „
1
α
Vφφφ
H2
ε2θ
α2
f 13
f3
P2ζ
1
p61
, (2.60)
where we have supposed that the potential V has the same dependence as (2.1). This is
rather interesting. We have obtained a term that can be enhanced through the parameter
α as α Ñ 0, since it scales as α´1. Furthermore, the main contribution to the bispectrum
comes from a single term. Since the model we have investigated is a specific realization of the
quasi-single field mechanism [87] the shape of the primordial non-Gaussianity generated can
span from equilateral to local according to the value of the ν parameter for the field ϕ [87].
Chen, in his paper [87], does not provide an explicit potential that could produce
large non-Gaussianities since his main concern is to discuss a mechanism to produce non-
Gaussianities, rather than a specific model. In the context of α-attractors, we have seen
(equation (A.27)) that the potential depends on the hyperbolic tangent of ϕ. Remember
that we have supposed that the trajectory is a circle in field-space and hence we need a
confining potential along the radial direction ϕ, in order to satisfy the initial assumptions.
One possibility is the potential
V pϕq “ 1´ tanh2 ϕ?
6α
` tanh4 ϕ?
6α
, (2.61)
where we have only given the dependence on ϕ, with the assumption that a suitable potential
for θ should be chosen in order to have inflation6. The previous example is a double-well
6Given the full dependence (A.27) of the potential term, one possibility for the potential of the inflaton
θ could be Upθq “ p1 ` cospθ{µqq, where µ is a scale that determines the curvature of the potential. This
potential is typical of natural inflation models [91, 92].
– 18 –
4 2 2 4
0.80
0.85
0.90
0.95
1.00
Figure 8. The double-well potential (2.61). Notice that a little variation of α could make the
potential more confining. For comparison, the third derivative of the potential with α “ 1 evaluated
at the minima is ´0.15MPl, that of the potential with α “ 0.1 is ´4.56MPl.
potential with minima at ϕ˘ » ˘2.2?α and it is represented in figure 8. The third derivative
of the potential, evaluated at the minima, is Vϕϕϕpϕ˘q » ´0.15α´ 32 . Notice that, decreasing
α makes the potential more confining and it increases the magnitude of non-Gaussianities,
enhancing the third derivative of the potential.
Eq. (2.60) is our main result and shows that indeed large non-Gaussianities can be
obtained by the dependence on α´1. Moreover it provides a well motivated realization of the
quasi-single field scenario [87]. The analysis we perform in this section can be also applicable
to realizations of natural inflation models within α-attractor supergravity, as studied in [93]
(see also [94]). For example, the findings of this section might be applied to natural inflation
after the alpha-attractor regime ends, or at an intermediate stage between two regimes driven
by the radial component of the inflaton field [93].
Note, though, that these non-Gaussianities cannot grow as large as α´1 because as
α Ñ 0, the slow-roll parameter εθ Ñ 0 (due to the constraint (2.59)) and this can become
a very stringent requirement on the potential of θ, which should be accurately fine-tuned to
be sufficiently flat, in order to have εθ Ñ 0. However, it is easy to see that values of fNL of
order one can be obtained for 7 α ă 1.
2.4 Nearly single-field trajectory
We wish to study now the case in which the trajectory of the fields is nearly straight. This
represents the minimum amount of non-Gaussianity that can be generated, as it will mimic
a near single-field trajectory.
Let us consider, as we have done before for pedagogical reasons, one of the simplest
models that the Lagrangian (2.1) can describe, namely the one with potential [45]
V pϕ, θq “ tanh2 ϕ?
6
. (2.62)
7The current observational limit by Planck (α ă 14 at 95%C.L., see [66]) applies to single-field models of
α-attractors, where the inflaton field is φ, so that our result on the level of primordial non-Gaussianity can
still hold even for improved constraints of this type.
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This potential is shown in the left panel of Fig. 9. We have seen that the angular velocity
must obey 9θ{H ! 1, in order to have inflation. Hence we suppose that inflation is driven by
the field ϕ, which slowly rolls down the potential on a nearly straight trajectory8. We assume
that the angular velocity 9θ is small (with respect to H) and constant. We want to study
whether it is possible to produce large non-Gaussianities, even if the background trajectory
reduces to that of the single-field case, thanks to the non-canonical kinetic term of θ or to
the introduction of the parameter α. Indeed, this is an interesting question, since we know
that for single-field inflation non-Gaussianities are limited by the smallness of the slow-roll
parameters [3–5]. In fact, our (background) trajectory is the same as in single-field case but
it lives in a two dimensional field space. Inflation is driven by the field ϕ and θ does not
contribute significantly to it since it has no potential energy and small kinetic energy.
Assuming that the trajectory is a straight line seems, at first sight, to be a restrictive
assumption. However, for the type of models we are studying this is not the case. Indeed, the
term ωθ in the background equation (2.17) forces the velocity θ
1 to be small, at least during
slow-roll (see section 2.2). Furthermore, we have seen that in the limit ϕ " 1 the trajectories
are nearly straight, thanks to the suppression of the potential term in equation (2.18), due
to the factor f´1 (f is defined in equation (2.3)). Therefore, this simple trajectory can be a
good starting point to study the more general models described by the Lagrangian (2.1), as
we will see in the following section.
The Hamiltonian (B.9) for this model coincides with (2.25). The first, second and third
derivatives of the potential are respectively given by
Vϕ “
c
2
3
sinhpϕ{?6q
cosh3pϕ{?6q , (2.63a)
Vϕϕ “ 1´ 2 sinh
2pϕ{?6q
3 cosh4pϕ{?6q , (2.63b)
Vϕϕϕ “ 2
3
c
2
3
sinhpϕ{?6qpsinh2pϕ{?6q ´ 2q
cosh5pϕ{?6q , (2.63c)
and hence they behave as exp
`´a2{3ϕ˘ in the limit ϕ " 1, i.e., the region where inflation
occurs. Thanks to this, we can consider both δϕ and δθ as almost massless fields (ν “ ν˜ “
3{2). Therefore, the mode functions (B.17) and (B.22) reduce to
ukpτq “ H?
2k3
p1` ikτqe´ikτ , (2.64a)
vkpτq “ H?
2k3
?
f
p1` ikτqe´ikτ . (2.64b)
Finally, since the trajectory is nearly straight, it is characterized by 9θ{H ! 1, and the adia-
batic direction is approximately parallel to δϕ, see footonote 3. Therefore we can approximate
the curvature perturbation ζ as
ζ » ´H
9ϕ
δϕ. (2.65)
8We call “nearly straight” a trajectory with 9θ{H ! 1 during slow-roll, which corresponds to θ1 ! 1, using
the notation of section 2.2.
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Figure 9. Left panel: The potential (2.62) V pϕ, θq “ tanh2 `ϕ{?6˘ represented in cylindrical coor-
dinates. Right panel: The velocity θ1 as a function of the number of e-folds N . In this plot, the same
notation and conventions of section 2.2 are used. The initial conditions are ϕp0q “ 6.5 and ϕ1p0q “ 0.
Notice the suppression of the velocity θ1.
2.4.1 Power-spectrum
At lowest order in the in-in expansion, the correlator xζ2y is given by
xζ2pτqyp0q “ p2piq3δ3pp1 ` p2qH
2
9ϕ2
|up1pτq|2
“ p2piq3δ3pp1 ` p2q H
4
2p31 9ϕ2
p1` p21τ2q . (2.66)
On super-horizon scales ´p1τ ! 1, the previous expression becomes
xζ2p0qyp0q “ p2piq3δ3pp1 ` p2q H
4
2p31 9ϕ2
. (2.67)
The next correction is given by
xζ2pτqyp2q “ 4H
2
9ϕ2
Re
#ż τ
´8
dτ1
ż τ1
´8
dτ2a
3pτ1qa3pτ2qf 1pτ1qf 1pτ2q 9θ2«
|up1pτq|2up1pτ1qv1p1pτ1qup˚1pτ2qv1˚p1pτ2q ´ u2p1pτqup˚1pτ1qv1p1pτ1qup˚1pτ2qv1˚p1pτ2q
ff+
,
(2.68)
where we have omitted the factor p2piq3δ3pp1`p2q. Therefore dimensionless power-spectrum
turns out to be
Pζ “ H
4
p2pi 9ϕq2
ˆ
1` Cf 9θ
2
H2
˙
, (2.69)
where
C » 1
2
, (2.70)
and where we have assumed 9θ, f 1 and f nearly constant for simplicity.
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2.4.2 Bispectrum
Let us first estimate naively the amplitude of the different contributions of the terms in the
expansion of xζ3y, following the strategy of the previous section. Now, the function fpϕq is
integrated over time, but we will neglect this fact and consider f and its derivatives constant
during inflation.
The lowest-order non-vanishing term is given by
xδϕ3yp1q Ě xδϕ3Hp3qA y , (2.71)
and its contributions to the bispectrum are
xζ3yp1qA1 „
6ff 1f2 ´ 6f 13 ´ f2f3
f3
εθ
?
εϕP2ζ
1
p6
, (2.72)
xζ3yp1qA2 „
Vϕϕϕ
H
?
εϕP2ζ
1
p6
. (2.73)
At second order, the correlator contains the term
xδϕ3yp2q Ě xδϕ3Hp3qB1Hp2qy , (2.74)
and its contribution can be estimated as
xζ3yp2qB1 „
2f 13 ´ ff 1f2
f3
?
εϕεθP2ζ
1
p6
. (2.75)
At third order, the correlator can be estimated as
xδϕ3yp3q Ě xδϕ3Hp3qHp2qHp2qy , (2.76)
where Hp3q “ Hp3qA or Hp3q “ Hp3qC . The contributions of these terms are given by
xζ3yp3qA1 „
6ff 1f2 ´ 6f 13 ´ f2f3
f3
f 12
f2
?
εϕε
2
θP2ζ
1
p6
, (2.77a)
xζ3yp3qA2 „
Vϕϕϕ
H
f 12
f2
?
εϕεθP2ζ
1
p6
, (2.77b)
xζ3yp3qC1 „
f 13
f3
?
εϕεθP2ζ
1
p6
. (2.77c)
Finally, at fourth order,
xδϕ3yp4q Ě xδϕ3Hp3qB1Hp2qHp2qHp2qy , (2.78)
and we obtain the contribution
xζ3yp4qB1 „
2f 12 ´ ff2
f2
f 13
f3
?
εϕε
2
θP2ζ
1
p6
. (2.79)
Unfortunately, all these terms are suppressed by the slow-roll parameters. If Vθ “ 0
(e.g., the potential (2.62)), one can show that the main suppression comes from εθ during
slow-roll, due to previous considerations of section 2.2 (typically, εθ À 10´4 few e-folds
after the beginning of inflation, see figure 9). Since we are considering a nearly single-field
trajectory, this result is not surprising. Notice that there is no enhancement thanks to the
non-canonical kinetic term, since f „ f 1 „ f2 for the function (2.3). Hence, in this model it is
impossible to obtain large non-Gaussianities. In the following sections, we will see that a more
refined model produces more interesting results. In particular we will discuss in section 2.4.3
and 2.4.4 the possibility of obtaining large non-Gaussianities, changing the function f .
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2.4.3 The α parameter
Reintroducing the parameter α into the previously estimated contributions, one can show
that some terms are enhanced, if α is sufficiently small. Remember that, in order to introduce
the α parameter one should substitute ϕ{MPl Ñ ϕ{p?αMPlq into the non-canonical kinetic
term of θ and into the potential V of the Lagrangian (2.1). Again, the parameter α enters
in the correction to the power-spectrum (2.69), leading to the constraint (2.59). As α Ñ 0,
this implies a very tight constraint on the initial velocity 9θ. This constraint can be satisfied
reducing the initial angular velocity 9θ, but practically we reduce to the single-field case and
so we would not expect large non-Gaussianities.
With the introduction of α, the function f (2.3) becomes
fpϕq ” 6 sinh2 ϕ?
6α
, (2.80)
and this affects the background dynamics through the term ωθ “ ´f 12 θ12 in the background
equation (2.17). Defining φ “ ?αϕ, the term ωθ scales as α´1{2. Remember that this term
should be small in order to have inflation, hence as αÑ 0 the inflationary region shrinks and
the initial velocity θ1p0q Ñ 0 (see section 2.2 and figure 4). At the end, reducing α makes
the trajectory a straight line in field space. Notice that this behaviour is insensitive to the
the form of the potential, it depends only on the non-trivial field-space metric.
Let us consider the general potential
V pϕq “ tanh2l ϕ?
6α
, (2.81)
where l is a positive power. This potential is a typical one of the so called “T-models” for
single-field α-attractors [21, 38]. Let us see that, in order to produce large non-Gaussianities,
α should be small. In the limit α ! 1 and during slow-roll, one can show from equation (2.21a)
that the velocity ϕ1 scales roughly as
ϕ19?α. (2.82)
Thanks to the previous scaling property (2.82) and to (2.59), it is simple to show that, for the
potential (2.81), the only terms that might be enhanced through α are the self-interaction
term xζ3yp1qA2 (2.73) and the third-order correction xζ3y
p3q
A2
(2.77b). Let us first consider the
term (2.73). In fact this self-interaction term is the same that one would get in single-
field slow-roll models, since the second field does not participate to inflation and it cannot
modify the self-interaction at first order. It is well known that this term gives a negligible
contribution w.r.t. to the leading-order result one obtains in single-field models of slow-roll
inflation [4, 5].
Therefore, now let us focus on the third-order term (2.77b). This term constitutes a
correction of the self-interaction term, due to the presence of the second field (see diagram
(b) of figure 7). Notice that the coupling constant of this interaction between ϕ and θ is
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f 1{f?εθ. The term (2.77b) is explicitly given by
xζ3yp3qA2 “´ p2piq3δ3pp1 ` p2 ` p3q
H3
9ϕ3
2up1p0qup2p0qup3p0q
Im
"ż 0
´8
dτ1
ż 0
´8
dτ2
ż τ2
´8
dτ3 9θ2
3ź
i“1
`
a3pτiqf 1pτiq
˘ 3ÿ
j“1
ˆ
apτjqVϕϕϕpτjq
f 1pτjq Aj
˙
´
ż 0
´8
dτ1
ż τ1
´8
dτ2
ż τ2
´8
dτ3 9θ2
3ź
i“1
`
a3pτiqf 1pτiq
˘ 3ÿ
j“1
ˆ
apτjqVϕϕϕpτjq
f 1pτjq Bj
˙
` 5 perm
*
,
(2.83)
where
A1 “ 2up1pτ1qup2pτ1qup3pτ1qup˚3pτ2qv1p3pτ2qup˚3pτ3qv1p˚3pτ3q , (2.84a)
A2 “ up3pτ1qv1p3pτ1qup˚1pτ2qup˚2pτ2qup˚3pτ3qv1p˚3pτ3q
`
up3pτ2q ` c.c.
˘
, (2.84b)
A3 “ up3pτ1qv1p3pτ1qv1p˚3pτ2qup˚1pτ3qup˚2pτ3qup˚3pτ3q
`
up3pτ2q ` c.c.
˘
, (2.84c)
B1 “ 2up˚1pτ1qup˚2pτ1qup3pτ1qup˚3pτ2qv1p3pτ2qup˚3pτ3qv1p3pτ3q , (2.84d)
B2 “ v1p3pτ1qup˚1pτ2qup˚2pτ2qup˚3pτ3qv1p˚3pτ3q
`
up˚3pτ1qup3pτ2q ` c.c.
˘
, (2.84e)
B3 “ v1p3pτ1qv1p˚3pτ2qup˚1pτ3qup˚2pτ3qup˚3pτ3q
`
up˚3pτ1qup3pτ2q ` c.c.
˘
. (2.84f)
In the equilateral limit, the previous expression becomes
xζ3yp3qA2 “
3
23
p2piq3δ3pp1 ` p2 ` p3qH
3
9ϕ3
H2
p6
I , (2.85)
where we have defined xi ” ´pτi and
I “ Im
"ż `8
0
dx1
ż `8
0
dx2
ż `8
x2
dx3
9θ2
H2
3ź
i“1
ˆ
f 1pxiq
x3i
˙ 3ÿ
j“1
ˆ
1
xj
Vϕϕϕpxjq
Hf 1pxjq Aj
˙
´
ż `8
0
dx1
ż `8
x1
dx2
ż `8
x2
dx3
9θ2
H2
3ź
i“1
ˆ
f 1pxiq
x3i
˙ 3ÿ
j“1
ˆ
1
xj
Vϕϕϕpxjq
Hf 1pxjq Bj
˙*
, (2.86a)
u˜pxq ” p1´ ixqeix, (2.86b)
v˜pxq ” 1a
fpxqp1´ ixqe
ix, (2.86c)
A˜1 “ 2u˜ppx1qu˜ppx1qu˜ppx1qu˜p˚px2qv˜1ppx2qu˜p˚px3qv˜1p˚ px3q , (2.86d)
A˜2 “ u˜ppx1qv˜1ppx1qu˜p˚px2qu˜p˚px2qu˜p˚px3qv˜1p˚ px3q
`
u˜ppx2q ` c.c.
˘
, (2.86e)
A˜3 “ u˜ppx1qv˜1ppx1qv˜1p˚ px2qu˜p˚px3qu˜p˚px3qu˜p˚px3q
`
u˜ppx2q ` c.c.
˘
, (2.86f)
B˜1 “ 2u˜p˚px1qu˜p˚px1qu˜ppx1qu˜p˚px2qv˜1ppx2qu˜p˚px3qv˜1ppx3q , (2.86g)
B˜2 “ v˜1ppx1qu˜p˚px2qu˜p˚px2qu˜p˚px3qv˜1p˚ px3q
`
u˜p˚px1qu˜ppx2q ` c.c.
˘
, (2.86h)
B˜3 “ v˜1ppx1qv˜1p˚ px2qu˜p˚px3qu˜p˚px3qu˜p˚px3q
`
u˜p˚px1qu˜ppx2q ` c.c.
˘
. (2.86i)
Finally, the contribution of (2.77b) to fNL (2.36) is given by
f
p3q
NL “
5
48
9ϕ
H2
I . (2.87)
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If the potential V is given by (2.81), we would expect an enhancement of order α´1. The
details of this enhancement depends on the precise background dynamics. Nonetheless,
this term constitutes an interaction between the fields and our estimate suggests that it
can be enhanced through the parameter α. In this case, the non-Gaussianities can become
large, because the field-space is not one-dimensional and the existence of the second field is
necessary. As we explained in this model both fields can be considered as massless, therefore
we expect the resultant non-Gaussianity to be of the local type. In addition to this, notice
that the enhancement is possible only if the function f has the dependence (2.80) on α. If f
had been independent of α, we would have not been able to enhance the term xζ3yp3qA2 . This
is an interesting result.
In this case the second-field θ does not contribute to the background dynamics, and
produces a negligible correction to the power spectrum, so up to this order it would correspond
to a single-field “T-model”. However the second scalar field θ has a non-negligible impact on
the level of primordial non-Gaussianities thanks to a non trivial interaction with the inflaton
field. We elaborate more on this in the following section.
2.4.4 Generalizations
Let us now study under which conditions f could produce large non-Gaussianities even if the
background trajectory is nearly indistinguishable from that of the single-field case. Notice
that many of the previously estimated contributions contain the ratio f 1{f , and then a
possibility to enhance the previous terms is to increase this ratio. Since we suppose that ϕ
is the inflaton, we should verify that at least the slow-roll parameters in the definition of
ν (B.16) are small. This fact leads to the conditions
εθ ! 1 , (2.88a)
f 12
f2
εθ ! 1 , (2.88b)
f2
f
εθ ! 1 . (2.88c)
The first of these conditions implies that the trajectory should be nearly a straight line,
since θ1 should be small. Notice that if θ1 ” 0 many of the estimated contributions vanish,
since some of the couplings of the interactions in the Hamiltonian (B.9) depend on θ1.
Consider the terms (2.75) and (2.77c). Their contributions have the same magnitude
and they can be approximated as
xζ3yp3q „ f
13
f3
?
εϕεθP2ζ
1
p6
. (2.89)
Notice that this term can be enhanced if the ratio f 1{f is sufficiently large. The slow-roll
parameters are usually of order 10´3 ´ 10´1. We suppose that εϕ and ξθ “ f 12f´2εθ are of
this order of magnitude. Hence, the slow-roll parameters suppress this amplitude by a factor
10´ 92 ´ 10´ 32 . To compensate this, the ratio f 1{f should satisfy
f 1
f
„ 10 32 ´ 10 92 . (2.90)
This is a rather tight condition, since it forces the function f to have a nearly exponential
behaviour. Indeed, assume that f 1{f is a constant, then the previous condition becomes
f 9 eAϕ, (2.91)
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where A „ 30 ´ 30 ¨ 103. Remember that one has to integrate over the whole background
trajectory. If we want to produce large non-Gaussianities, we need to require that the previous
condition is satisfied for a sufficiently long period during inflation. In addition to this, the
ratio f 1{f enters into the background equation of motion (2.18) and can break the slow-roll
regime, accelerating the field θ.
Notice that the third derivative f3 is not constrained by (2.88). Hence, a function with
f3{f " 1 can enhance some of the previous terms, e.g. the contribution (2.72) or (2.77a).
This is a viable way to obtain large non-Gaussianities for a nearly straight trajectory. Ob-
viously, the function f should be chosen properly (but the field-space metric is usually fixed
a priori for a given model, and we can modify only the potential term, as in our example).
In conclusion, if we want to build a model with Lagrangian (2.2) that can produce large
non-Gaussianities with a nearly straight trajectory, we need to consider a function f with a
high third derivative.
An analysis of multi-field models of inflation in the context supergravity-based multifield
α-attractors leading to a regime of almost-straight trajectories has been performed in [74].
In these models, the angular component of the scalar field is frozen during inflation, and
the evolution continues to be effectively one-dimensional (for a reason which is completely
different from that of [45]). In this case the fields roll along the ridges of the potential
without falling to the valleys. As a result, the authors of [74] find that only a low-level of
primordial non-Gaussianity can be generated. There are some overlaps with the analysis
performed here, given similar starting actions, similarities but also differences (for example
they use the ∆N formalism while her we use the in-in formalism). Indeed, as we already
mentioned, the precise result and level of primordial non-Gaussianity in our case depend on
the precise background evolution, and hence also on the precise initial conditions, and on
the steepness of the potential in the angular direction. These are indeed possible exceptions
to the result of small non-Gaussianity of [74]. In our analysis we have been as general as
possible, considering also these exceptions, see, e.g., our discussion in Section 2.4.4. and
Table 1. Another possibility where the multi-field alpha-attractor regime may lead to non-
gaussianities is cascade inflation described in [77] (see also [78]). It would be interesting to
investigate whether our analysis can be applied to such scenarios. Finally note that some
of these exceptions might also be related to the previous analysis we have done in Section
2.3, where inflation is driven by the angular direction, possibly leading to natural inflation in
the context of α-attractor supergravity [93, 94]. In this case there might be an intermediate
stage between two regimes driven by the radial component of the inflaton field [93] which
might lead to large primordial non-Gaussianity according to our analysis of Section 2.3.
2.4.5 Massive isocurvaton
Let us suppose that the potential V depends on both ϕ and θ. The Hamiltonian has the
general expression (B.9). The new contributions to fNL, due to the dependence on θ, are
estimated in table 1.
Notice that there are terms that do not contain the slow-roll parameter εθ. All these
terms contain the coupling Z2 and the corresponding Hamiltonian terms describe an interac-
tion between δϕ and δθ, mediated by the potential V . In addition to this, notice that many
of the terms are multiplied by an inverse power of f . For the function (2.3) these are sup-
pression factors, but for another metric these could lead to an enhancement, even if the ratio
f 1{f is of order unity. For example one can consider an exponential function like expp´ϕq.
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Couplings Z2B1 Z2B2 Z1B1 Z2Z2A1
fNL
Vϕθ
H2
f 12
f5{2
?
εθ
?
εϕ
Vϕθ
H2
Vϕϕθ
H
1
f
?
εϕ
Vϕϕθ
H
f 1
f3{2
?
εθ
?
εϕ
V 2ϕθ
H4
f 13
f3
1
f εθ
?
εϕ
Couplings Z2Z2A2 Z2Z1A1 Z2Z1A2 Z2Z2C1
fNL
V 2ϕθ
H4
Vϕϕϕ
H
1
f
?
εϕ
Vϕθ
H2
f 14
f4
1?
f
ε
3{2
θ
?
εϕ
Vϕθ
H2
Vϕϕϕ
H
f 1
f3{2
?
εθ
?
εϕ
V 2ϕθ
H4
f 1
f
1
f
?
εϕ
Couplings Z2Z2C2 Z2Z1C1 Z2Z1C2 Z1Z1Z1B1
fNL
V 2ϕθ
H4
Vϕθθ
H
1
f2
?
εϕ
Vϕθ
H2
f 12
f2
1?
f
?
εθ
?
εϕ
Vϕθ
H2
Vϕθθ
H
f 1
f5{2
?
εθ
?
εϕ
f 15
f5
ε2θ
?
εϕ
Couplings Z1Z1Z2D1 Z1Z2Z2B1 Z2Z2Z2B2 Z2Z2Z2D1
fNL
Vθθθ
H
Vϕθ
H2
f 12
f4
εθ
?
εϕ
V 2ϕθ
H4
f 13
f3
1
f εθ
?
εϕ
Vϕϕθ
H
V 3ϕθ
H6
1
f2
?
εϕ
Vθθθ
H
V 3ϕθ
H6
1
f3
?
εϕ
Table 1. Contribution to fNL for different terms of the expansion of the bispectrum, using the in-in
formalism. The couplings Z,A,B,C,D are defined in equation (B.9). The first entry Z2B1 should
be interpreted as the contribution of the correlator xζ3Hp2qZ2 Hp3qB1 y to the non-linearity parameter fNL.
We have reported all the terms up to third order and some terms at fourth order.
Moreover, all the terms with coupling A1 contain the third derivative f
3 and hence can be
enhanced with an appropriate function f , as discussed in the previous subsection.
If we introduce the parameter α, some additional terms which can be enhanced appear.
For example, the terms Z2Z2A2 and Z2Z2Z2B2 scale as α
´2 and hence large enhancement
are possible. Obviously, the introduction of a potential for θ can alter significantly the
dynamics of the system and the trajectory could be no longer nearly straight. These terms
can nonetheless increase fNL, after a rotation of the basis pδϕ, δθq, into that of the curvature
and isocurvature perturbations.
Finally, let us summarize the results of our analysis. If we suppose that the dependence
of V on pϕ, θq is given by (2.1), then terms that contains Vϕ are suppressed by exp
`´a2{3ϕ˘.
Therefore, it is very difficult to produce large non-Gaussianities if the trajectory is nearly
straight and we consider a model like (2.62). However, thanks to the parameter α one can
produce non-negligible non-Gaussianities even in a model where there is a nearly single-field
background trajectory, thanks to the term xζ3yp3qA2 (2.77b) (or other terms if the potential V
depends on both ϕ and θ). It is worth noticing that this enhancement relies on two facts.
First, the parameter α enters into the potential V and into the non-canonical kinetic term f
of the θ field. Secondly, the parameter α is not simply a rescaling of the field ϕ. This type
of enhancement is one of the main results we have obtained in this section. If we let f be
a generic function and consider an appropriate potential V , we can obtain the production
of large non-Gaussianities, even if the trajectory is practically of single-field type, through
interactions between the fields (in particular thanks to the third derivative f3 that is not
directly constrained by the slow-roll conditions).
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2.5 fNL estimated via the δN formalism: contribution to the local shape for a
nearly straight trajectory.
As an example of the cases discussed in the previous section 2.4.5 let us consider the following
potential
V pϕ, θq “ `1`M2 sin2 θ˘tanh2 ´ϕ{?6¯ . (2.92)
If the field θ starts near a minimum of sin2pθq then the background trajectories are nearly
straight. If one wants to estimate the value of fNL on superhorizon scales in the local
configuration one can also use the δN formalism. We rely on the analysis and the formulae
derived by Ref. [54], since they studied a Lagrangian similar to (2.1). In particular, we adapt
their equation (4.10) to our non-canonical kinetic term. This choice allows us to estimate
the magnitude of local non-Gaussianities produced during the super-horizon evolution of
the perturbations. We will not provide details of this calculation as it is tedious but fairly
straightforward and we will simply focus on the results.
Figure 10. fNL for the model V pϕ, θq “
`
1`M2 sin2 θ˘tanh2 `ϕ{?6˘ estimated via the δN formalism
for M2 “ 1 and different initial configurations of the fields θ and φ. The initial conditions are:
ϕ1p0q “ 0 and θ1p0q “ 0. The value of fNL , in its local shape, is computed for a scale that exits the
horizon 50 e-folds before the end of inflation.
Let us focus on figures 10 and 11. We show values of fNL in its local shape for a nearly
straight trajectory. We investigate the effect of adding α to the potential. We show the case
for M2 “ 1, but we have verified that the values of fNL do not change much by changing
this parameter, at least as far as M2 “ 0.01. The fields start from rest and inflation starts
immediately in the region considered. We choose null initial velocities since their effect on
the estimations of fNL is marginal if inflation occurs. The initial velocity ϕ
1 has practically no
effect on the inflationary dynamics because it is suppressed in a few e-folds before reaching the
slow-roll regime. Conversely, the initial velocity θ1 affects mainly the viable initial conditions
and only slightly the inflationary trajectory (remember that inflation occurs only if θ1p0q ! 1).
Therefore, considering the fields initially at rest is a good approximation. Varying α does not
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Figure 11. fNL for the model V
p2qpϕ, θq “ `1`M2 sin2pθq˘tanh2 `ϕ{?6α˘ estimated using the δN
formalism (same as in Fig. 10 but introducing the parameter α). In this case α “ 10´1, M2 “ 1,
ϕp0q “ 7, θp0q “ 1.3, ϕ1p0q “ 0 and θ1p0q “ 0 as a function of the scale. N˚ is the number of e-folds
from the end of inflation at which the scale crosses the horizon.
help to increase the amount of fNL. Hence, at least on super-horizon scales and for local non-
Gaussianities, the parameter α cannot enhance fNL. It can be proven that the magnitude of
fNL is of order
?
εϕ evaluated at the horizon crossing for our model. Indeed, this factor gives
the most important contribution to the expression of fNL (4.10) in [54]. However, at least in
the limit when M2 vanishes to produce an almost straight trajectory (with the second field
θ not participating to inflation) there is indeed the possibility to generate a higher level of
primordial non-Gaussianity.
3 Conclusions
We have explored physical models that modify the laws of gravity at the scale of inflation
to investigate what observable predictions can be obtained. In the context of inflation, any
modification of gravity can be seen as an extra field that interacts with the inflaton. If
the interaction is non-negligible, then non-Gaussian features may be generated during the
slow-roll phase. Our motivation is to probe deviations from Einstein gravity at the highest
energies available in cosmological observations, which are not far from the Planck energy
scale.
We have focused on inflationary models that arise in supergravity, the low-energy limit
of string theory, which remains a most promising candidate to unify the laws of Nature,
but, to do so, it introduces modifications of Einstein gravity at high (possibly inflation-scale)
energies.
To this aim, we investigated a fairly general model of inflation that can be mapped into
supergravity theories and studied α-attractor models. In particular, we focused on the two-
field α-attractor models described by the Lagrangian 2.1. A first analysis of the background
dynamics was performed in section 2.2. We concentrated especially on the behaviour of the
system in the region where inflation is most likely to occur. The most stringent condition to
satisfy in order to have inflation is that the initial velocity of the angular field θ should be
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small. We estimated the magnitude of this smallness using both an analytical approximation
and a numerical analysis. We showed that it is not difficult to obtain an inflationary period
that lasts for at least 50´ 70 e-folds.
In section 2.3, we considered a simple curved trajectory in field space following [87].
Indeed, we showed that for a representative model large primordial non-Gaussianities can
be easily generated thanks to the α parameter (see equations 2.49 and 2.60). These non-
Gaussianities are produced by an interaction term between the fields (corresponding to trans-
fer of non-Gaussianities from the isocurvature to the adiabatic mode), while we proved that
other contributions should be negligible.
In section 2.4, we studied another example of trajectory, a nearly straight one. This will
be the most pessimistic situation in which the generation of non-Gaussianities is minimized.
This type of trajectory is representative (at least in certain regions of the field space and
under some assumptions) of the behaviour of the fields described via the Lagrangian (2.1). In
this case we found that there is the possibility for large non-Gaussianities to be obtained still
by varying the parameter α, thanks to interactions between the fields. The interesting finding
is that such non-Gaussianities can be produced even if the trajectory is almost straight and
the second field does not participate actively to inflation (but its presence is nonetheless fun-
damental for this enhancement). In addition to this, we found indications that it is possible
to enhance the level of non-Gaussianity considering a model different from (2.1), if the third
derivative of the function f , defined in equation (2.2), is high. Finally we considered even
more general cases, summarized in Table 1 (for some of which primordial non-Gaussianity
can still be enhanced) and we gave a simple concrete example in Sec 2.5.
The main findings of our work is that we find no obvious obstacle in having models
where a non-Gaussian signal can be large, even with a value |fNL| „ 1 (of the equilateral or
local type). This signal could be potentially measured with future surveys (see, e.g. [6, 31–
33]), thus probing possible modifications of gravity at high energies. This opens up a window
to physics at energy scales not reachable on Earth by any foreseeable future experiment.
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A Appendix
A.1 Conformal invariance and conformal gauge
In the following we summarize for convenience some of the results of Ref. [21] and some of
the main properties of the so called “T”-models for single-field inflation. Let us consider a
simple but instructive toy-model with two scalar fields φ and χ. Suppose the Lagrangian has
the form [21]
Ltoy “ ?´g
„
1
2
BµχBµχ` χ
2
12
R´ 1
2
BµφBµφ´ φ
2
12
R´ λ
4
`
φ2 ´ χ2˘2, (A.1)
where λ is a dimensionless constant and R is the Ricci curvature. Notice that the kinetic
term for χ has the wrong sign, but this is not a problem as it will be clear below. The
Lagrangian is locally conformally invariant, i.e. invariant under the transformations
rgµν “ e´2σpxqgµν , (A.2a)rχ “ eσpxqχ, (A.2b)rφ “ eσpxqφ. (A.2c)
It is also invariant under a SOp1, 1q global symmetry, that acts like a boost between the
fields. The field χ is called “conformon”.
We can preserve conformal invariance and break SOp1, 1q symmetry, by introducing a
function F pφ{χq into (A.1) [21],
L “ ?´g
„
1
2
BµχBµχ` χ
2
12
R´ 1
2
BµφBµφ´ φ
2
12
R´ F pφ{χq
36
`
φ2 ´ χ2˘2 . (A.3)
In the limit F pφ{χq Ñ const, we restore SOp1, 1q symmetry. After having fixed the gauge
χ “ ?6 (which therefore brings to a breaking of conformal invariance), our Lagrangian in
the Jordan frame becomes
L “ ?´g
„
R
2
ˆ
1´ φ
2
6
˙
´1
2
BµφBµφ´ F
ˆ
φ?
6
˙ˆ
1´ φ
2
6
2˙
. (A.4)
Notice the presence of a UV cutoff at φ “ ?6MPl where MPl denotes the reduced Planck
mass. This is due to the fact that, if the field exceeded the value
?
6 (in Planck units), then
the theory would describe antigravity instead of gravity (due to the change of the sign in
front of R). After the conformal transformation
gµν Ñ
ˆ
1´ φ
2
6
˙´ 1
gµν , (A.5)
and the introduction of a new field ϕ that satisfies
dϕ
dφ
“
ˆ
1´ φ
2
6
˙´ 1
, (A.6)
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Figure 12. Effects of the variation of n with α “ 1. Note that the potentials are very different for
small values of ϕ, but they asymptotically coincide for ϕÑ8.
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Figure 13. Effects of the variation of α with n “ 1. Notice the effects of the variation of α on the
inflationary region (i.e. the plateau of the potential).
the starting Lagrangian (A.3) takes the form
L “ ?´g
„
R
2
´ 1
2
BµϕBµϕ´ F
ˆ
tanh
ϕ?
6α
˙
, (A.7)
where we have introduced a dimensionless parameter α, that allows us to shift the UV
cutoff [71]; this parameter arises naturally in supergravity theories and is related to the
Ka¨hler curvature of the manifold. For our purposes, it is sufficient to think of α as a parameter
influencing the UV cutoff9. We usually consider α “ 1, but it will be simple to reintroduce
it. In fact, it is sufficient to rescale all the occurrences ϕ{MPl Ñ ϕ{p?αMPlq (notice that
the kinetic term of ϕ is not rescaled).
The hyperbolic tangent has the asymptotic behaviour tanhϕÑ ˘1 in the limit ϕÑ ˘8
and then F Ñ const in the same limit. The function F pφ{χq is arbitrary, therefore it is pos-
sible to mimic an arbitrary chaotic inflation potential. We point out that we can obtain a
generic potential starting from a conformal theory with spontaneously broken conformal in-
variance. On the other hand, this procedure looks sometimes a little bit artificial. Indeed, to
obtain the simple term ϕ2 we need to choose F ptanh ϕ?
6
q „ ptanh´1 tanhϕq2. Alternatively,
the function F may be thought as a deviation from an inflationary theory driven by a cos-
mological constant. Thus, it is interesting to study the simplest case of monomial functions
9The interested reader can look at Ref. [38].
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Figure 14. The r ´ ns plane for different potentials (A.8) with 2n “ 12 , 1, 2, 3, 4 for N “ 60. This
plot can be obtained from equation (A.14) with n and N fixed and varying α (the full expressions
for ns (A.13a) and r (A.13b) should be used). The yellow star is the attractor point p1 ´ 2{N, 0q
for α Ñ 0. In the limit α Ñ 8, we recover the predictions p1 ´ pn ` 1q{N, 8n{Nq of the monomial
potential ϕ2n (see eq. (A.17)), which are represented by blue dots. Black dots correspond to α “ 10.
The predictions of different potentials merge when α À 1. Planck data constrain the value of α to
α À 14 95% C.L. [66].
F pφ{χq “ λpφ{χq2n. In this case the transformed potential of (A.7) has the form
V pϕq “ λn tanh2n
ˆ
ϕ?
6α
˙
, (A.8)
and these theories are known as T-models. The potential for different values of n and α is
shown in figure 13.
Inflation occurs in the limit ϕ " 1, where the potential is flat enough. In this limit, the
potential is
V pϕq “ λ
˜
1´ e´
?
2{p3αqϕ
1` e´
?
2{p3αqϕ
2¸n
“ λ
ˆ
1´ 4ne´
b
2
3α
ϕ `O
ˆ
e
´2
b
2
3α
ϕ
˙˙
. (A.9)
Deviations from flatness are exponentially suppressed in the limit ϕ " 1. Using
dϕ
dN
“ V
1
V
“ n
c
2
3α
ˆ
sinh
ϕ?
6α
cosh
ϕ?
6α
˙´ 1
, (A.10)
and after integrating with respect to dN , we obtain the number of e-folds of inflation during
slow-roll
N “ 3α
2n
sinh2
ϕpNq?
6α
. (A.11)
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The slow-roll parameters are given by
ε “ 1
2
ˆ
V 1
V
2˙
“ n
2
3α
ˆ
sinh
ϕ?
6α
cosh
ϕ?
6α
˙´ 2
, (A.12a)
η “ V
2
V
“ ´2n
3α
ˆ
1´ 2n´ 1
2
sinh´2 ϕ?
6α
˙ˆ
cosh
ϕ?
6α
˙´ 2
, (A.12b)
and it is immediate to calculate
ns ´ 1 “ 2η ´ 6ε “ ´8n
3α
˜
sinh
c
2
3α
ϕ
¸´ 2˜
n` cosh
c
2
3α
ϕ
¸
, (A.13a)
r “ 16ε “ 16n
2
3α
ˆ
sinh
ϕ?
6α
cosh
ϕ?
6α
˙´ 2
. (A.13b)
After some algebra, one can obtain the relation
r “
ˆ
2n´ 1
8n
´ N
6α
´ 3
8
˙´ 1
pns ´ 1q . (A.14)
This equation relates the predictions of the α-attractor models in the r´ns plane. Varying α
or n it is possible to have different predictions. The previous relationship is shown in figure 14
for some values of n as a function of α. Notice the attractor point and the behaviour for
different potentials (A.8) in the limit αÑ 0. The α-attractor models owe their name to this
α-dependent behaviour.
If we consider the limit ϕ " 1, then we can approximate [21]
N » 3α
8n
e
b
2
3α
ϕpNq
, (A.15a)
ε » 3α
4N2
, (A.15b)
η » ´ 1
N
, (A.15c)
and the predictions reduce to
ns ´ 1 » ´ 2
N
, (A.16a)
r » 12α
N2
, (A.16b)
at lowest order in 1{N . Let us suppose that the observable window during inflation consists
of 60 e-foldings, then the models predict ns “ 0.967 which is in perfect agreement with the
latest Planck satellite result ns “ 0.9645 ˘ 0.0049 [66]. A variation of α corresponds to a
change in r and that insofar we have only an upper limit r ă 0.07 (95% CL) [98].
For α “ 1, the predictions coincide with that of the Starobinsky model [22, 99–101] and
the Higgs inflation [102, 103] at leading order in 1{N .
In the limit of large α, the predictions coincide with those of chaotic inflation with
potential V „ ϕ2n, that is [38, 71]
ns ´ 1 “ ´n` 1
N
, (A.17a)
r “ 8n
N
. (A.17b)
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This behaviour is easy to understand by looking at the expression for the inflaton poten-
tial (A.8), in the limit αÑ8.
A.2 Two-field attractors
The Lagrangian (A.3) can be trivially extended [45] to include n fields φI , together with the
conformon field χ,
L “ ?´g
„
1
2
BµχBµχ` χ
2
12
R´ 1
2
BµφIBµφI ´ φ
2
I
12
R´ V pφI{χq
36
`
χ2 ´ φ2I
˘2
, (A.18)
where a sum over I is implicit. This Lagrangian is locally conformally invariant and, in the
limit V Ñ const, it has also a global SOpn, 1q symmetry.
We are interested only in the two-field case, then I “ 1, 2. Hence, the previous La-
grangian explicitly reads
L “ ?´g
„
1
2
BµχBµχ`χ
2
12
R´1
2
Bµφ1Bµφ1´1
2
Bµφ2Bµφ2´φ
2
1 ` φ22
12
R´V pφ1{χ, φ2{χq
36
`
χ2´φ21´φ22
˘2
.
(A.19)
Observing the form of this Lagrangian, it is natural to parametrize the fields as
φ1 “ ρ cos θ , (A.20a)
φ2 “ ρ sin θ . (A.20b)
Then we get
L “ ?´g
„
χ2 ´ ρ2
12
R` 1
2
BµχBµχ´ 1
2
BµρBµρ´ 1
2
ρ2BµθBµθ´
`
χ2 ´ ρ2˘2
36
V
ˆ
ρ
χ
cos θ,
ρ
χ
sin θ
˙
,
(A.21)
and we can fix the gauge χ2 ´ ρ2 “ 6 to obtain
L “ ?´g
„
R
2
´ 1
2
BµρBµρ
1` ρ26
´ 1
2
ρ2BµθBµθ ´ V
ˆ
ρa
ρ2 ` 6 cos θ,
ρa
ρ2 ` 6 sin θ
˙
. (A.22)
Since there is a non-canonically normalized kinetic term for ρ, we introduce a new field ϕ
such that
ρ “ ?6 sinh ϕ?
6
, (A.23)
in order to get the following expression for the Lagrangian
L “ ?´g
„
R
2
´ 1
2
BµϕBµϕ´ 3 sinh2 ϕ?
6
BµθBµθ ´V
ˆ
tanh
ϕ?
6
cos θ, tanh
ϕ?
6
sin θ
˙
. (A.24)
Note that now ϕ has a canonical kinetic term as opposed to θ. Furthermore it is impossible
to obtain a standard kinetic term for θ since its redefinition involves the field ϕ and then a
new non-canonical kinetic term for ϕ.
Before concluding, let us relate explicitly the dependence on the initial variables φ1
and φ2 of the potential V into Lagrangian (A.18) with that on φ and θ of the potential
in (A.24). After the gauge fixing, the dependence on φ1 and φ2 of the original potential of
Lagrangian (A.18) is given by
V “ V
ˆ
φ1a
6` φ21 ` φ22
,
φ2a
6` φ21 ` φ22
˙
” V pz1, z2q , (A.25)
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where in the last equality we have defined the variables z1 and z2. Passing from La-
grangian (A.18) to (A.24) corresponds to
z1 Ñ tanh ϕ?
6
cos θ , (A.26a)
z2 Ñ tanh ϕ?
6
sin θ . (A.26b)
Finally, let us rewrite, for convenience, the full dependence of the potential V ,
V
ˆ
tanh
ϕ?
6
cos θ , tanh
ϕ?
6
sin θ
˙
. (A.27)
Given this dependence, it is natural for the field ϕ to have a T-model-like potential (see
equation (A.8)).
B Setup of the in-in formalism
At first, we write the Hamiltonian associated with the Lagrangian (2.2). The conjugate
momenta are
piϕ “ BLB 9ϕ “ a
3 9ϕ, (B.1a)
piθ “ BLB 9θ “ a
3fpϕq 9θ , (B.1b)
and thus the Hamiltonian is given by
H “ pi
2
ϕ
2a3
` pi
2
θ
2a3f
` a
2
pBiϕBiϕ` f BiθBiθq ` a3V . (B.2)
One can easily check that the Hamilton equations of motion reproduce equations (2.5)
and (2.6).
Following the in-in prescriptions (see, e.g, [90]) the fields and their conjugate momenta
should be perturbed. Formally, the perturbed Hamiltonian can be written as
H “ Hp0q `
`8ÿ
i“1
δHpiq, (B.3)
where Hp0q is the background term and Hpiq contains terms of i-th order of the fields’ per-
turbations. For our purposes, it is sufficient to consider terms up to third order. Through a
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straightforward calculation, the different contributions are given by
Hp0q “ pi
2
ϕ
2a3
` pi
2
θ
2a3f
` a3V , (B.4)
δHp1q “ piϕ
a3
δpiϕ ` pi
2
θ
2a3
ˆ
1
f
1˙
δϕ` piθ
a3
ˆ
1
f
˙
δpiθ ` a3 pVϕδϕ` Vθδθq , (B.5)
δHp2q “ δpi
2
ϕ
2a3
` pi
2
θ
4a3
ˆ
1
f
2˙
δϕ2 ` piθ
a3
ˆ
1
f
1˙
δϕδpiθ ` 1
2a3
ˆ
1
f
˙
δpi2θ
` a
2
`pBiδϕq2 ` fpBiδθq2˘` a3ˆ1
2
Vϕϕδϕ
2 ` Vϕθδϕδθ ` 1
2
Vθθδθ
2
˙
, (B.6)
δHp3q “ pi
2
θ
12a3
ˆ
1
f
3˙
δϕ3 ` piθ
2a3
ˆ
1
f
2˙
δpiθδϕ
2 ` 1
2a3
ˆ
1
f
1˙
δpi2θδϕ` a2f
1δϕ pBiδθq2
` a
3
6
`
Vϕϕϕδϕ
3 ` 3Vϕϕθδϕ2δθ ` 3Vϕθθδϕδθ2 ` Vθθθδθ3
˘
. (B.7)
Obtaining equations (2.13) and (2.14) from this perturbed Hamiltonian is rather tedious.
One can neglect the linear terms in this calculation since they do not contribute to the
equations for the fluctuations.
Notice that, for simplicity, we have not considered the perturbations of the metric. In-
deed, since our main goal is to study the non-Gaussianities produced through the interactions
between the fields, we expect that the contribution from metric perturbations is subdominant.
The next step is the separation of the Hamiltonian into a kinetic part and an interaction
part. After that, one can substitute the perturbations of the momenta with those of the fields
via the relation
9δφI “ BH
p0q
BδpiI . (B.8)
The resulting terms are given by
H0 “ a
3
2
9δϕ
2 ` a
3f2 9θ2
4
ˆ
1
f
2˙
δϕ2 ` a
3f
2
9δθ
2 ` a
2
`pBiδϕq2 ` fpBiδθq2˘
` a
3
2
`
Vϕϕδϕ
2 ` Vθθδθ2
˘
, (B.9a)
Hp2qINT “ ´a3f 1 9θδϕ 9δθ ` a3Vϕθδϕδθ (B.9b)
” a3Z1δϕ 9δθ ` a3Z2δϕδθ ,
Hp3qINT “
a3f2 9θ2
12
ˆ
1
f
3˙
δϕ3 ` a
3f2 9θ
2
ˆ
1
f
2˙
9δθδϕ2 ` a
3f2
2
ˆ
1
f
1˙
9δθ
2
δϕ` a
2
f 1δϕpBiδθq2
` a
3
6
`
Vϕϕϕδϕ
3 ` 3Vϕϕθδϕ2δθ ` 3Vϕθθδϕδθ2 ` Vθθθδθ3
˘
(B.9c)
” a3
”
A1δϕ
3 `B1 9δθδϕ2 ` C1
` 9δθ2δϕ´ a´2δϕpBiδθq2˘
`A2δϕ3 `B2δϕ2δθ ` C2δϕδθ2 `Dδθ3
ı
,
where we have defined the coupling constants Zi, Ai, Bi, Ci, D. The term H0 describes the
kinetic part, Hp2qINT and Hp3qINT are respectively the second and third order interaction terms.
All the fields are written in the interaction picture but, for brevity, we will not employ any
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distinctive notation. Notice that there are derivatives of the field perturbation δθ in the
interaction terms, as opposed to δϕ.
Before proceeding, let us make some comments on the coupling constants (that indeed
are not constant). The couplings can be divided into two classes, those which depend on
f (related to the non-canonical kinetic term) and those which depend on the derivatives of
the potential. The latter couple the field perturbations directly without derivatives. Their
magnitude is constrained by the slow-roll conditions that require a sufficiently flat potential
(at least along the direction of motion of the inflaton). The other terms, that depend on f ,
contain the background field velocity 9θ except for two of them. Let us remind that 9θ{H should
be small during inflation in order to have slow-roll (see section 2.2). Note that, if 9θ “ 0, some
of the couplings vanish. The coupling of the first term of Hp2qINT goes as f 1 9θ. Notice that in
our model with f given by (2.3), we have f „ f 1 „ f2 and then the couplings of the first
two terms of Hp3qINT behave respectively as f 9θ2 and f 9θ. We are left with two terms that do
not depend on 9θ. The first one is ´a32 f 1 9δθ
2
δϕ and its coupling behaves as f 1. This is rather
interesting, since there are no tight constraints10 on the derivatives of f . The coupling of the
last term a2f
1δϕpBiδθq2 seems to behave as f 1, but the spatial derivatives should be kept in
consideration. In fact, in Fourier space, the coupling goes like f 1k2 and, on large scales (when
f 1 is large), k is small and therefore one has to study the relative amplitude of the factors.
For a generic function f the previous arguments should be reconsidered, accounting for the
specific expression of f (some terms with the derivatives might be enhanced or suppressed)
and the velocity 9θ might be very large (similarly to what disscussed in footnote 10).
The equations of motion for the free fields (in the interaction picture), following from
the kinetic Hamiltonian (B.9a), are
:δϕ` 3H 9δϕ´ 1
a2
∇2δϕ` 9θ
2
2
f2
ˆ
1
f
2˙
δϕ` Vϕϕδϕ “ 0 , (B.10)
:δθ ` 3H 9δθ ´ 1
a2
∇2δθ ` f
1
f
9ϕ 9δθ ` 1
f
Vθθδθ “ 0 . (B.11)
Interactions between the perturbations are absent unlike in equations (2.13) and (2.14). The
reason is that the previous equations derive from the free Hamiltonian and hence there are
no interactions between the perturbations.
As previously done, we quantize the interaction picture fields as
δϕIk “ ukak ` u˚´ ka:´k , (B.12a)
δθIk “ vkbk ` v˚´kb:´k , (B.12b)
with the standard commutation relations. We will assume that the Universe expansion is
quasi-de Sitter-like.
Let us start with the equation (B.10) for δϕ, which is the simplest one to solve. After
having defined q ” au and having switched to conformal time, this equation becomes
q2 ´ pH 2 `H 1qq ` k2q ` a2
ˆ
f 12
f
´ f
2
2
˙
9θ2q ` a2Vϕϕq “ 0 , (B.13)
10We are refering here to the constraints that derive from slow-roll conditions. For example, from the
condition 1
2
9ϕ2 ` f
2
9θ2 ! V it is clear that f can be large if 9θ is sufficiently small. On the other hand, if f is
small enough, 9θ may be high (however :θ should be small in order to have slow-roll).
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where notice that here a prime denotes a derivative w.r.t. conformal time (except for f 1
which stands for df{dϕ) and H “ a1{a. Let us define the following set of parameters,
ε “ ϕ
12 ` fθ12
2H 2
” εϕ ` εθ , (B.14a)
ηϕ ” a
2Vϕϕ
3H 2
, (B.14b)
ηθ ” a
2Vθθ
3fH 2
, (B.14c)
ξϕ ” f
1ϕ1
fH
“ f
1
f
a
2εϕ , (B.14d)
ξθ ” f
12θ12
2fH 2
“ f
12
f2
εθ , (B.14e)
γθ ” f
2θ12
2H 2
“ f
2
f
εθ . (B.14f)
In the next section, we will prove that all these parameters are actually slow-roll parameters
for our model. For the moment, we are interested only in their definitions.
The previously defined parameters (B.14), equation (B.13) can be recast in the form
q2 `
˜
k2 ´ ν
2 ´ 14
τ2
¸
q “ 0 , (B.15)
where
ν2 “ 9
4
` 3ε´ 3ηϕ ` γθ ´ 2ξθ , (B.16)
to first order in the slow-roll parameters. Notice that the non-canonical kinetic term is
responsible for the correction γθ ´ 2ξθ. Finally, the mode function uk associated to δϕ is
ukpτq “
?
pi
2
eipν`
1
2
qpi
2 p´τq 32HHp1qν p´kτq . (B.17)
Now, let us consider δθ. Defining p ” av, equation (B.11) becomes
p2 ` f
1
f
ϕ1p1 `
ˆ
k2 ´ `H1 `H2˘` a2
f
Vθθ ´ f
1
f
ϕ1H
˙
p “ 0 . (B.18)
The non-canonical kinetic term is responsible for the contribution f
1
f ϕ
1p1. Its presence spoils
the standard strategy to obtain the mode functions we have followed so far. In order to
proceed, we need to introduce the rescaled function
p˜ ”afp. (B.19)
We do not write down all the calculations (apart ffrom the non-trivial redefinition, they are
similar to the former ones), but we are comforted to get once again the familiar result
p˜2 `
˜
k2 ´ ν˜
2 ´ 14
τ2
¸
p˜ “ 0 , (B.20)
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where now
ν˜2 “ 9
4
` 3ε` f
2
f
ε´ 3ηθ ` 3
2
ξϕ ` 1
2
ξθ , (B.21)
to first order in the slow-roll parameters. At the end, the mode function vk has the form
vkpτq “ 1?
f
?
pi
2
eipν˜`
1
2
qpi
2 p´τq 32HHp1qν˜ p´kτq . (B.22)
Notice that the factor 1{?f is a suppression factor in our model, since f is given by (2.3)
and inflation occurs usually for ϕ " 1.
C Non-canonical kinetic term and slow-roll
The standard definition of the slow-roll parameters should be suitably modified when there
is a non-canonical kinetic term. In this section, we will prove that the parameters in B.14
are slow-roll parameters in the sense that they are small during the slow-roll regime.
It is instructive to begin with a more general situation. Let us start with the multi-field
action
S “
ż
d4x
?´g
ˆ
R
2
´ 1
2
GIJ g
µνBµφIBνφJ ´ V pφ1, φ2q
˙
, (C.1)
where GIJ “ GIJpφ1, φ2q and capital Latin indices refer to field space (I “ t1, 2u). Notice
that we allow the kinetic terms to be non-canonical (they are canonical if GIJ ” δIJ). In
addition, notice that now we deal with two metrics: gµν is the metric in coordinate space
and GIJ is the one in field space. Equations of motion follow from the variation of the
action (C.1) with respect to the fields. This calculation is tedious but straightforward and
the result in the FRW spacetime is [84]
:φI ´ ΓIJKBµφJBµφK ` 3H 9φI ` V ,I “ 0 , (C.2)
where the connection coefficients (or Christoffel symbols) are defined as
ΓIJK “ 12G
IL pGLK,J `GLJ,K ´GJK,Lq . (C.3)
It is worth noticing that the term with Christoffel symbols ΓIJK accounts for the non-trivial
structure of field space. The non-trivial field metric introduces additional couplings between
the fields into the equations of motion.
The background equations of motion are
:φI ` ΓIJK 9φJ 9φK ` 3H 9φI `GIJV,J “ 0 , (C.4a)
H2 “ 1
3
ˆ
1
2
GIJ 9φI 9φJ ` V
˙
, (C.4b)
9H “ ´1
2
GIJ 9φI 9φJ . (C.4c)
In order to have slow-roll inflation ε ” ´ 9H{H2 ! 1, and hence the energy density of the
universe should be dominated by the potential energy of the fields,
1
2
GIJ 9φI 9φJ ! V . (C.5)
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It is natural to define the slow-roll parameter
ε ” ´ 9H
H2
“ H
2 ´H1
H2 “
GIJφ
I 1φJ 1
2H2 , (C.6)
which quantifies the variation over time of H. Let us make a comment on the construction
of the slow-roll parameters. These parameters are dimensionless and should be small. The
first condition can be satisfied with appropriate powers of H. Indeed, the expansion rate H
provides both a mass scale and a time scale, hence every time derivative should be paired
with H´1 and also every field. The smallness condition can be obtained imposing constraints
like (C.5).
Other constraints to impose are
|:φI |! 3H| 9φI | , (C.7)
|ΓIJK 9φJ 9φK |! 3H| 9φI | . (C.8)
Using the first condition, it can be proven that
ηIJ ” 1
3
V,IKG
KJ
H2
“ a
2
3
V,IKG
KJ
H2 (C.9)
are slow-roll parameters (notice the analogy with the usual slow-roll parameter for single-
field models od inflation). Instead, from the second condition, one can define the slow-roll
parameters
ΥI ” Γ
I
JKφ
J 1φK 1
H 2
. (C.10)
Now, let us return to our model with the metric (2.4). The parameters (B.14a)-(B.14c)
follow from the definitions just mentioned. Hence, they are small during slow-roll. We are
left with the parameters (B.14d)-(B.14f). They are small during slow-roll because they can
be rewritten in terms of εϕ and εθ and in our model f „ f 1 „ f2. Notice that ξϕ (B.14d) is
only the square root of a slow-roll parameter in our model.
Let us comment on the case of a generic function f . The slow-roll condition 12 9ϕ
2` f2 9θ2 !
V does not forbid 9θ to be large if f is sufficiently small. On the other hand, fθ
12
2H 2 ! 1 and
f 1θ12
2H 2 ! 1, due to the conditions (C.5) and (C.8), but there are no constraints on f
2θ12
2H 2 that
might be large. As an example, suppose that the trajectory is a circle in field space with
constant radius ϕp0q (this circumstance can be obtained with a confining potential along the
radial direction). Moreover, suppose that fpϕq “ pϕ ´ ϕp0qq2. Notice that the velocity 9θ is
not limited by slow-roll conditions. Therefore fpϕp0qq “ f 1pϕp0qq “ 0, but f2 “ 2. Hence γθ
is not a slow-roll parameter for this model11.
11Many authors require that the field space is nearly flat and hence it has little curvature. With this
assumption, one can show that ξϕ, ξθ and γθ (defined in (B.14d)-(B.14f)) are indeed small. Let us stress the
fact that this condition is independent of slow-roll and slow-turn conditions, but it can affect them. See for
example the appendix of Ref. [104].
– 46 –
